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AB 8TRACT
An investigation into wave interactions between self-excited 
ionization waves - striations - in the positive column of a direct current 
argon discharge is described.
Since such self-excited ionization waves are determined by the 
ionization processes in the discharge, they are inherently nonlinear and 
a variety of nonlinear effects may be observed.
After reviewing the theory and experimental observations for small 
amplitude linear ionization waves in gas discharges, experimental data 
obtained from an argon discharge, 5 cm in diameter, 110 cms in length, run 
at gas pressures between 0,1- 1.5 torr and discharge currents of 20- 250mA, 
are presented.
Linear interactions between large amplitude self-excited waves of 
the same frequency, and nonlinear mode coupling between waves of different 
frequencies and wave numbers are reported and the characteristics of each 
wave type are described. In order to interpret some of the phenomena 
observed for the self-excited waves, experiments where an external alter­
nating voltage was applied across the discharge were performed.
Following a general discussion of wave modulation the wave-wave 
mode coupling is interpreted as due to nonlinear interactions which may 
arise during the initial nonlinear growth of ionization waves.
A physical model for the nonlinear behaviour is described. By 
including a nonlinear term in the basic theory of striations expressions 
are derived which account for the mode-coupling and support the physical 
interpretation.
2 -
Theoretical techniques previously used to describe the nonlinear 
behaviour of water waves are outlined, and then applied to ionization 
waves to predict further nonlinear effects which could not be obtained 
from the modified linear theory.
Finally, a general overall view of two-wave interactions between 
ionization waves in a discharge is presented using, as an example, the 
results from a neon discharge. The experimental observations are related 
to the linear and nonlinear growth of the waves.
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C H AP TE R I 
I N T R O D U C T I O N
Striations in the positive column of a glow discharge are one of 
the most readily observed plasma wave instabilities. In molecular gases 
stationary layers of alternating light and dark regions can be seen quite 
distinctly whilst in inert gases the striations are usually travelling 
waves which move too rapidly to be distinguished by the naked eye; the 
discharge column appears uniform.
Only within the last decade has the origin and physical nature of 
striations been understood. They are not acoustic type waves which rely 
on the inertia of the ions for energy propagation, but rather they are 
waves resulting from changes in the charged particle or metastable densi­
ties which are determined by the electron temperature dependent ionization 
or excitation rates. , For this reason the term ionization wave is often 
used as an alternative expression to striations.
At pressures greater than about 1 torr the ionization waves are 
the only surviving low frequency waves since they are independent of the 
ion inertia and so cannot be damped by the friction between the ions and 
the neutrals.
The most commonly observed form of ionization wave has a backward 
wave characteristic: the group velocity is directed towards the anode
whereas the phase velocity is directed towards the cathode. Unfortunately 
early investigations were concerned with self-excited waves and neither 
their origin nor backward nature were apparent from the observations.
Backward waves are caused by a change in electron temperature which 
propagates from the cathode end of the positive column towards the anode as 
a 'stratification' wave. The stratification wave gives rise to, changes in 
the discharge parameters, such as electric field and light intensity, which
- 9 -
propagate as striations towards the cathode. The striations represent 
the motion of points of equal phase and as such, give information on the 
phase velocity of the wave motion, the stratification wave represents the 
propagation of wave energy and is related to the group velocity of the 
wave motion. In experimental studies it is usually the striations, or 
'wave crests', which are observed.
The uniform direct current discharge may be characterized by 
various state v ariables such as electron density and temperature, elec­
tric potential, molecular weight of the gas, radius of the tube and pres­
sure of the neutral gas. Since relationships exist between certain of 
these variables they are not all independent.
If the value of one of the appropriate state variables of the 
uniform discharge, for example the electric potential, is slightly changed 
from its equilibrium value then a disturbance in the other related state 
variables will result and a wave may propagate in the discharge. When the 
initial perturbation is of small amplitude, then it is often the case that 
the wave will be damped out as it travels through the discharge which will 
eventually return to its initial state. The frequency and wavelength of 
the wave are determined by the equilibrium, or averaged values, of the 
state variables and are related through a dispersion relation. If more 
than one wave is present then the waves obey the principle of superposi­
tion. Theoretically, the essential features of the waves may be deter­
mined from the linearised equations of energy and continuity for each 
particle type, together with the Poisson equation.
For certain discharge regimes, however, the waves observed are of 
large amplitude and are absolutely unstable, that is, following a localized 
perturbation the waves exist throughout the length of the positive column 
for all time. Often many waves exist simultaneously and the resultant
10 -
frequency spectrum may be continuous or consist of many discrete lines.
For these situations the original perturbation in a state variable gives 
rise to a wave, initially of small amplitude, which grows as it travels 
through the discharge.
A point may be reached where the wave itself, now of large ampli­
tude, perturbs the discharge which results in self-modulation of the wave 
or the generation of different frequencies. This process may be thought 
of as the wave reacting back on the state variables to produce further per­
turbations and a change in the averaged value of the state variables. The 
dispersion relation between the frequency and wavelength now becomes depen­
dent on the amplitude of the waves. Waves governed by such a dispersion 
relation are termed nonlinear. The linearised continuity equations prove 
inadequate to explain the nonlinear phenomena, higher order terms must be 
included. Nonlinear interactions between nonlinear waves can no longer 
be explained using the principle of linear superposition.
In this thesis the self modulation and the interactions between self­
excited waves in an argon discharge will be described. \Ihen this work was 
started there still remained the problem of interpreting a large amount of 
experimental data on self excited waves. As will be seen in the review 
chapter, often a continuous frequency spectrum was obtained when the motion 
of the striations was very irregular. Subsequently Grabec has shoim that 
such a spectrum and irregular motion are a result of the nonlinear evolu­
tion of the wave.
In many cases, however, a multiline frequency spectrum, as distinct 
from a continuous spectrum, was observed when two or more waves were pre­
sent simultaneously in the discharge. Recent work has shown that some­
times such multiline spectra are due to the excitation of many waves which 
belong to a single dispersion curve.
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The situation when the multiline spectra cannot he related to the 
excitation of many waves has to he explained. Associated with this prob­
lem is the question of the connection between the different types of fre­
quency spectra and the accompanying variation in wave velocity, which, in 
some cases, gives rise to ’apparent’ disturbances moving towards the anode. 
These problems are dealt with in the present work and an attempt is made 
to present a general picture of interactions between striations.
The outline of the thesis is as follows: In Chapter II the essen­
tial phenomena associated with ionization waves are reviewed. The experi­
mental apparatus and measuring techniques are dealt with in Chapter III.
The observations made on the purely self-excited waves in the argon 
discharge are described in Chapter IV. An interpretation is given of some 
of the effects, but the explanation of the nonlinear wave interactions is 
deferred until a later chapter. The results obtained when an alternating 
external voltage was applied across the discharge are described in Chapter V,
In Chapter VI, a general discussion of wave modulation is presented. 
The conclusions drawn are used in Chapter VII as a basis for the explanation 
of the mode-coupling effects already described in Chapters IV and V. A 
physical model of the interactions is discussed.
The linear theory of striations is extended, in Chapter VIII, to 
describe some of the nonlinear effects seen in earlier chapters. Theoreti­
cal methods previously used to predict the behaviour of nonlinear water 
waves are outlined in Chapter IX and applied to striations.
In Chapter X the evolution of the nonlinear coupling between two 
wqves is discussed using as a basis, some recent experimental results from 
a neon discharge.
The conclusions drawn from the work are presented in Chapter XL.
- 12 -
C H A P T E R  II 
R E V I E¥
2.1 INTRODUCTION 
Although the existence of moving striations has been known for
I
over a century, it was not until the development of pulsed techniques to 
generate transient small amplitude striations that any significant insight 
into the physical mechanisms producing the waves was obtained. Such a 
state of affairs was due largely to the fact that early investigations were 
concerned with self-excited waves whose origins were concealed by their non- 
linear nature.
The results obtained from detailed studies of small amplitude waves 
has enabled recent investigations to turn full circle, in a sense, back to 
the early days: by extending the linear theory and models, the nonlinear
effects associated with self-excited striations can now be explained.
2.2 HISTORICAL SURIHIY
2.2.1 Early Work
The work prior to the 1950’s was concerned with self-excited stria­
tions and no clear picture emerged owing to the difficulty in interpreting
fl)the results. An exception to this was the work of Pupp' ' who investi­
gated the occurrence of striations in inert gases for currents of a few
amperes and pressures of between 0.1 and 10 torr, and established their
0
limit of spontaneous existence now called the Pupp Limit. Further, he 
found a similarity law connecting frequency (f), tube radius (a), pressure 
(p), ionization potential (V^ ), and molecular weight (p), that is applic­
able to all inert gases except helium, f a p. = F(pa/V^). Donahue and 
( 2)Dicke'-  ^ carried out experiments in argon and observed, in addition to the 
usual cathode directed striations, faster moving disturbances propagating 
towards the anode. From their experimental work they concluded that the
®See 2-6-1 ; ip^pp= amp Argon
torr " "
stratification of the plasma column was the most common state of the posi­
tive column of a glow discharge.
2.2.2 Investigations using Pulsed Techniques
With the development of the pulsed perturbation technique to gene­
rate striations, the true nature of the ionization waves became apparent^^V 
A small amplitude voltage pulse applied to an electrode situated near the 
cathode, generated a transient ionization wave whose development could be 
directly observed from rotating drum pictures^ , The backward nature of 
the waves was revealed and the physical mechanism involved was elaborated. 
With these techniques, ionization waves were found in the pressure range 
10  ^to 10^ torr, and at currents from fractions of a milliampere to about
ten amperes in different gases, gas mixtures with metal vapours, and in
mercury vapour. Waves with their phase and group velocity directed in the 
same direction (forward waves) were observed^^^. In some cases, two or 
even three types of backward ionization waves were observed simultaneously
(5)in a discharge' , For these waves over a broad current-pressure range 
it was found that the product of the d.c. electric field, E^ , and the wave­
length, X, was a constant for each variety, E^X = C. This relation is 
known as Novak’s law.
2.2.3 Linear Theories
Pekarek, starting from a modified form of the diffusion equation 
which took into account the ionization of the gas, showed that a pulse 
applied to the positive column would generate a backward wave^^^. Crucial 
to the existence of a wave solution was the influence of the ionization 
term. Despite the limitations of the theory, other investigators used it 
to obtain satisfactory agreement with experimental results and showed that 
forward waves travelling towards the cathode could be obtained formally
( 7)from the solution of the basic wave equation' \
- 14 -
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About the same time, Wojaczek' ' and Nedospasov' ' developed
theories describing small amplitude steady state striations with more de­
tailed equations taking into account thermal diffusion, heat conduction 
and the effect of metastable atoms. Over the years, Wojaczek has refined 
and extended the theory with special reference to striations in argon to
obtain good agreement between theory and e x p e r i m e n t S i m i l a r  results
(11)have been obtained by Tsendin' By extending their theory to account
for the various chains of processes which may exist in producing the dis­
turbance in ion density, Pekarek and co-workers obtained qualitative but 
not quantitive agreement with the results for the simultaneous excitation 
of more than one wave type.
2.2.4 Investigations on Self-Excited Waves
During the same period, Emeleus and his group undertook the diffi­
cult task of investigating self-excited large amplitude waves^^^"^^^. They 
observed branching effects, high speed anode directed disturbances, coup­
ling of striations to anode spots, and complicated disturbances producing 
irregular motion of the striations. Tentative explanations of these phe­
nomena were given.
2.2.5 Extension of Linear Theory
The various theories derived for small amplitude waves, predicted 
certain relationships between the phases of the various quantities such as 
light intensity, electric field and electron density.
The values of these phase angles were dependent on the basic para­
meters of the discharge gas, for example, diffusion coefficient and particle 
CI7)
mobility' ’ . Excitation of ionization waves and the simultaneous measure­
ment of the various phase angles offered a potentially simple method of 
measuring some of the parameters of the gas discharge. To this end,
Drouet and Sicha used a more complete set of equations than Pekarek to
- 15 -
derive values for the various phase angles which they then compared with
( Is)their experimental results' \  Surprisingly, the experimentally measured 
phase angles disagreed in some cases with Pekarek’s and their theories 
which brought the validity of both into doubt. This initial set-back 
resulted in a fruitful period in the development of the theory which re­
solved most of the outstanding problems connected with the small amplitude
waves. It came to be realized that at low currents the electron tempera-
ing
ture was not a mear^ul parameter due to changes in the shape of the electron 
energy distribution function. In such cases the only consistent approach 
was to solve the Boltzmann equation for the electrons directly. The 
solution of the Boltzmann equation for an electron gas, taking into account 
the inhomogeneous electric field, revealed that at certain values of uniform 
electric field and wavelength, the perturbed electron density suddenly in­
creased in magnitude and its phase angle, relative to the perturbed electric
field, jumped to a larger value. This 'space resonance' effect occurred 
when the electric field and wavelength were almost equal to those values 
obtained from Novak's law.
V^hen these space resonances were included in the theory of Pekarek 
et al. for the different ionization wave varieties, the discrepancies be­
tween the hydrodynamic theory and experiment were largely resolved^^^^.
2,2.6 Theory of Self-Excited Striations
As far as the theory of large amplitude waves was concerned the
subject remained dormant after the early work of Nedospasov. Nedospasov 
obtained the relation between the length and velocity of striations which 
was in agreement with his experimental results. However, this agreement 
only showed the self consistency of his theory rather than elucidating 
the nonlinear nature of the waves.
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Beginning with the work of Grahec, the nonlinear aspects of ioniza-
(22 23)tion waves were investigated in some detail' ’ . The present work
belongs to this period. The evolution of ionization waves from a linear
to a nonlinear state has been examined theoretically and experimen- 
(24—2?)tally' ', Nonlinear coupling between different wave modes has been
(28—3l)observed' ' and it has been shown that the waves in the positive column
can behave as a nonlinear Van der Pol t^ qpe of oscillator when modulated at
(32)other frequencies'
2.2.7 Miscellaneous Effects
Besides experiments and theory dealing with the basic processes 
and origin of ionization waves, investigations were carried out into the 
factors influencing moving striations. These included the influence of an 
applied magnetic field^^^’ , the tube geometry^^^”^^  ^and the external 
circuit^^^). Theories were derived showing the link between ionization 
waves and ion-acoustic waves at low pressures^^^\
2.3 SMALL AMPLITUDE STRIATIONS
2.3.1 Generation of Continuous and Transient Waves
The region of occurrence of striations for a given tube radius is
such that for certain values of pressure and current, a slight change in 
one of these parameters will result in a transition from a homogeneous 
column to one containing moving striations, and vice versa. In inert 
gases there exists, at high currents, an upper critical value of this 
current, Pupp limit, above which the column is homogeneous. Well away 
from this limit the striations are self-excited and of large amplitude.
In neon, argon and helium, there also exists a lower current limit below
which striations are not seen. At these transition boundaries it is possi­
ble to excite continuous or transient low amplitude moving striations by 
slightly changing the current or potential. This may be achieved for the
- 17 -
cas© of comtinnaotas striatioais Ibj applying a repetitive voltage pmlse Ibe- 
tweee the cathode and am imtermal or external electrode near the head ©f 
the positive colimm.
The amplitmde amplification of the waves is a max±mmmm when the
repetitive freqmency is ecpial to that of the natmral striations occurring 
(41)
near the honndary'’ .
A transient wave may he produced in a similar way. A pulse gene­
rator is nsed to feed a short 1 pis) pulse with adjnstahle amplitude 
(0_4 kV) to either an external ring which can he moved to any desired posi­
tion, or an internal e l e c t r o d e , The resulting wave, which can he 
detected with a photommltiplier or rotating mirror system, (see Chapter III) 
is seen to propagate in the region between the ring and the anode. A 
schematic analogue of a rotating mirror picture of such a case where the 
pulse is applied at the cathode, is shown in Fig.2.1. Initially in the
.CATHODE
Fig.2.1
Schematic analogue to rotating mirror of a wave 
of stratification and moving striations in the 
positive column of an inert gas, ¥ , striation 
velocity; u, velocity of wave of stratification;
X , striation wavelength
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region of the perturbing electrode a packet or region of stratification is 
seen. With elapsing time, the disturbance producing this stratification 
moves towards the anode. The individual striations within a packet move 
towards the cathode. New striations are formed as the 'stratification 
wave' travels towards the anode. Each striation is observed to have an 
intensity which is small initially but which gradually increases, reaches 
a maximum, decreases and ultimately vanishes.
This form of space-time display provides conplete information on 
the dispersion of the wave which may be described by a dispersion equation 
connecting the complex frequency 0 = uu - icp with the complex wave number 
K = k + iY
2.3.2 General Dispersion Curve and Occurrence
of Wave Types
By using pulse techniques a large variety of phenomenological types 
of ionization waves have been found. These may be summarized in the gene­
ral dispersion curve proposed by Pekarek, Pig.2.2, where the convention is 
that k is always positive and uj may be positive or negative to describe 
waves travelling in opposite directions. The wave type is defined by the 
direction of the group velocity - the anode to cathode direction being 
considered positive - and the relationship of the group and phase veloci­
ties, parallel velocities, giving a forward wave, anti-parallel a backward. 
The subscript is related to the curvature of the phase trajectories in this 
plot: A = accelerating, D = decelerating, in the direction of the group
velocity(^^).
In the high current limit only one wave type is found in an inert 
gase^^^). This is the backward wave, usually - with a phase velocity 
which increases towards the anode and a dispersion law which is close to 
the hyperbolic relation o)k = constant.
19 -
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WAVE 1
I FORWARD 
WAVE
BACKWARD
WAVE
o
wk=C
WACTDMBER k
(JÜ < 0
Fig.2.2
General dispersion curve (after Pekarek J>). Dashed
curve - u) k = const. By convention k is positive 
and UÜ is positive or negative to give cathode 
or anode directed waves .
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Hydrodynamic equations may be used to describe ionization waves in
such cases. In the low current region there are, in general, at least
four wave types. They may be distinguished between the slow waves s^
I
and p whose frequency grows with increasing current and which are related | 
to changes in the metastable atoms, and the faster waves, s and r , whose | 
frequency decreases with current and which are connected with the ion 
density.
A feature of these waves is the constancy of the longitudinal field 
potential measured across the optimum wavelength. The values are charac-
( 5)teristic for all the observed waves' , ^
For neon the wave types found are s, s' waves, with 19 V;
a p wave, EX ~ 9V : and the r wave with E X ~ 12,6V .o o
2.4 DERIVATION OF THE HYDRODYNAMIC EQUATION 
FOR STRIATIONS
2,4,1 Generalized Diffusion Equation
At high currents only one backward wave variety exists in inert 
gases. Despite this simplicity, the complete set of equations must in­
clude many factors such as heat conduction, viscosity, and metastable atom 
density. • Pekarek, using a simple energy equation, derived in a simple way 
à basic equation which contains the essential qualitative features of ioni­
zation waves. Indeed, when more detailed energy balance equations are 
used, the resultant equations are essentially the same as Pekarek's, except 
that the coefficients have different values^^^,
The waves can be described in terms of the charged particle density 
N , the electric field intensity E , the mean electron energy T^  and the 
ionization frequency Z . The equations governing the variation of these 
quantities are derived from the hydrodynamic equations of continuity, 
momentum and energy, together with Poisson's equations and an expression 
for the ionization frequency^^^). These are;
- 21 -
Ion Continuity
*■1 Ô N
+ = “eZ ••• (2.1)
Electron Continuity
+ f  = ••• (2.2)
3N  ^ N
e 0 TT e
a
Ion Momentum
dV.
MN. - ^ = q N ^ E - M N v  V^,. MV^Z.N. ... (2.3)
Electron Momentum
dV
mN -TT =- qN E - V(N KT ) - mN V V -mV ZN . (2.4)e d t  e ' e e/ e - e  e e  ^ ^
Poisson
II = (Ni-Ne) ... (2.5)
Ionization Frequency
Z=A(Tg) exp(-qV./KTg) ... (2.6)
where the indices i and e refer to ions and electrons, and
N = particle concentration
E = field intensity
V = flow velocity
t = time
z = axial coordinate in the direction of the cathode
Z = ionization frequency; the number 
collisions per second
of ionizing
M = ion mass
m — electron mass
Ta = ambipolar diffusion lifetime
q = absolute value of electron charge
= ion-neutral momentum transfer collision frequency
e^ = electron temperature
y_ = electron-neutral momentum transfer collision frequency.
The equations are used in one dimensional form. The radial concen­
tration is given hy a Bessel function N(r) = N^J^ (2.4 ^ ) , and is due to 
amhipolar diffusion which is accounted for hy the relaxation term l/T_
- 22 -
1 / 2 4 ^
determined by the ambipolar diffusion and the tube radius, —  = \ ï^) '
Only direct ionization is considered. The collision frequencies are much 
larger than the frequencies of the striations and the ionization frequency 
and so the time derivatives and the ionization terms in the momentum equa­
tions are neglected. In addition the establishment of the electron concen­
tration is considered quasi-stationary since the time to establish it is 
of the order of 10~^ ° - 10“® secs, in comparison with that of the ion concen­
tration of 10“  ^to 10“® sec.
With these simplifications the equations reduce to :
IM- + s; - t; (2-7)
•^NeVe = 0 ...(2.8)
qN.E
^i^i " l\Âv^  “ ^i^i^ ... (2.9)
qN E KT VN
N V = _----- - —  ----
e e m v_ m v_
H KT SN
= - llN E _ — --- . ... (2.10)He e q oz '
Using equation (2.8) in (2.10) gives
. r 3N E % KT a N ^
&  (Ve) = L ~~t~ ~ t  "&rJ = 0 ' •••
When inserted in Poisson’s equation this gives
3N 3 %
Ki- L" I%r - . . . ( 2.12)
where L = ( KT^  /N^q^) ^ * the Debye length. The quantity KT^ /q E is
of the order of the striation wavelength \ which is several orders of ^ o
magnitude larger than L . Approximating
dN N 
 e
dz Xg
gives
(N.-Nj /n  ^S (L/XJ2 1 ,
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which shows that may he substituted everywhere except in
Poisson’s equation.
1
The discharge current is mainly determined by the flow of electrons
and is assumed constant, in equilibrium it is equal to N V = - u N E  i
o eo ’■^e o 0
so that equation (2.10) may be expressed as
KT cN
N E + — - = N E
e q oz 0 o
Putting E = E^ + e, N = N^ + n and linearizing the above equation, gives:
e =-
N„ iTi Ô? • (2.13)
From equations (2.9) and (2.10), using N^ = N^ = N one obtains
3N. V. % . KT m  . 5N
T  l T = - i ° a l f  -  (2.14)
since KT n.
SO that equation (2.7) becomes
if = (Oa + N (z - . ...(2.15)
This equation is basic to the theory of striations and shows that
the changes in ion and electron densities are essentially due to ambipolar
( 3)diffusion of the particles augmented by an ionization term'
The next stage in determining the nature of the waves from the equa­
tions is to introduce an appropriate equation for the mean electron energy 
(temperature) and to make some assumption on the form of Z for the per­
turbed state. The first step distinguishes the various linear theories 
according to the complexity of the equation employed, and the second step 
determines whether linear or nonlinear (large amplitude) phenomena are to
be considered since the expression for the ionization frequency is highly
(6 8 9 11 23)nonlinear due to the exponential term' ’ ’ ’ ’ ^, A small increase in
the electron temperature will produce a large increase in the ionization
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frequency, whereas a small decrease ’Vtfill cause the production rate to drop 
almost to zero. However, for sufficiently small variations in electron 
temperature, Z may he expanded to
z = %o + (Te- ?eo)
where equals l / f r o m  the homogeneous column. This situation
corresponds to linear theory.
2.4.2 Pekarek’s Solution of the Diffusion Equation
The most simple equation for the electron temperatureis:
- a0 =-he ... (2.16)oz ' '
where 8 = T^-T^o 
e = E — Eq
a = reciprocal of the electron temperature relaxation length 
h = constant approximately equal to |-q.
Upon substituting for e from equation (2.13) and integrating over 
z , one finds
e e -  = - b  J | ] a ?  .
z o o
b. KTn p E  a KT - p
e =  — Î T T - ' ’ [ î T - - ¥ f  J  I  “ «5 -  ( 2. 17 )
0 O O'^  z
When this expression is substituted into the linearized form of Z , the 
basic diffusion equation (2.15) becomes, after linearization :
00
where
•^ = Ua + ocn - A J e^^^ n(§) d§ ... (2.18)
3z ^
SZ ^
- ST^  q
The first term on the right-hand-side of equation (2.18) represents 
ambipolar diffusion of the charged particles in the axial direction. The 
second term expresses the local influence of the ion concentration on the 
production of new charge carriers in the same place. The last integral
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term expresses the long-distance effect of the concentration of the charge 
carriers in the positive column on the formation of ions.
The diffusion term damps mostly very short wavelengths, whilst the 
last term can damp the amplitude of long wavelengths. The second term 
alone would lead to an instability of the whole column.
By numerically integrating the above equation, Pekarek examined the 
response of a plasma column to an initial aperiodic pulse applied in the 
cathode region. The solution obtained reflected the backward wave charac­
teristics of a transient ionization wave and showed that the periodicity of 
the waves was due to the ionization term^^^.
- More generally, for a solution of the form exp |i(ojt - kz) +cptj, 
periodic in space, the following expressions for the dispersion U)(k) and 
the temporal increment cp(k) are obtained:
m = ~ ^  ... (2.19)
k + a
o A a . .
(p = -D k + a - -----  . ... (2.20)
. kZ + aZ
If a « k , the dispersion relation assumes the form üjk A . The 
corresponding backward wave has a phase velocity =-^  (see reference (lO).)
The equation derived above represents the most simple equation
which can describe ionization waves. Omission of any of the terms on the
right-hand-side would lead to an equation which cannot have a solution even
(46)qualitatively corresponding to the ionization wave'
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2.5 PHYSICAL MECHANISM OF MCMARD WAVES
2.5.1 Wave of Stratification
The physical mechanism responsible for the stratification spread­
ing from the cathode towards the anode can be understood by considering 
what happens after an initial perturbation in ion and electron (particle) 
densities close to the cathode^^^.
Following an increase in particle densities due to a perturbation, 
a space charge is created as a result of the difference in ion and electron 
densities brought about by the different mobilities of the ions and electrons,
The space charge field ties the electrons to the ions and ambipolar 
diffusion takes place in the axial direction leading to danping of the ori­
ginal perturbation. In order to obtain wave behaviour, the changes in 
ionization must be considered.
The perturbation in space charge reduces the electric field in the 
region of the perturbation. Electrons arriving from the cathode side of 
the perturbed region lose their energy by collisions as usual but owing to 
the decreased electric field their energy balance is changed and their 
temperature decreases. The electrons emerge from the region with a lower 
temperature and only recover their original temperature after travelling 
through a certain space interval. Since the ionization rate is strongly 
dependent on the electron temperature, the production of charged particles 
is reduced in the region of lower electron temperature. So an initial 
increase in particle densities produces, on the anode side of the original 
perturbation, a region with decreased particle densities. In turn, the 
decrease in particle densities gives rise to a region of increased electron 
temperature which produces a region of increased particle densities closer 
to the anode. The above process is repeated leading to the stratification 
of the plasma column into alternate regions of increasing and decreasing 
electron temperature, particle densities, light intensity, and electric 
field.
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2,5.2 Motion of the Striations
The subsequent motion of the striations, -which have been produced
by the 'stratification wave' as described above, is towards the cathode
due to the phase shift between the particle densities and the electron 
ll)temperature' ’ , The relative phase shifts for a backward wave are shown
in Fig.2.3 at a particular instant (t^ ). Since the ionization rate is
proportional to the electron temperature, it can be seen that more ions
are produced on the cathode side of the ion maximum, so that at a slightly
later time t^ + At (At« t^ ) the ion maximum, given approximately by
n(t^+At) = n(to) + At ,
^ “ ^ 0
moves towards the Cathode.
at
Anode ' Cathode—
Fig.2.3
Phase shift between the electron (n^ ) and ion (n^ ) den­
sities; the electric field e ; the electron temperature 
G , rate of change of particle density n , the change in 
the dumber of ionizing collisions per second Z* , and 
I the light intensity,for a backward wave
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2,5.3 Amplification of the Disturbance
The phase shift between the electron temperature and particle 
densities can lead to amplification of the disturbance as it moves towards 
the anode. This may be seen by considering the initial development of 
the disturbance at some point well away from the position of the
initial perturbation, at times t^  and t^  + At. The relative phase 
shift i|i between electron temperature and particle densities is shown, in 
Fig. 2.4(a), for the case when \|i < 90°. The deviation in electron tempera­
ture has produced the increase in particle density (n) on its anode side at
=0-
At a time t^  +At, the particle density n(t^ + At) is given by 
n(to + At) = n(to) + At
t = to
where Sn
St, , =-k^D^ n(tj + ZN„8(t„) 
t = t0
from the linearized form of equation (2.15). Owing to the relative phases, 
the ionization term Z E ^ t ^ )  is positive at x^: more ions are produced
so that, providing the damping effects of diffusion are much smaller than 
the increased ionization, is positive at x and the particle
density n(t^ + At) increases.
As described in the previous section, the maxima in particle den­
sity and electron temperature move towards the cathode. The increased 
deviation in particle density n(x^ , t^  + At) at x^  will lead to larger 
deviations in electric field and electron temperature on the anode side of 
the position x^  ; these deviations are larger than those which originally 
produced the increase in particle density at x^  , n(x^ , t^ ), that is, they 
have been amplified, A new, larger perturbatuon in particle density is 
produced beyond x^ . Fig.2.4(b), and the process is repeated in the way 
described in section 2.5.2. Each new deviation in the plasma parameters
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nearer the anode, is larger than the one before it leading to amplification 
of the 'stratification' wave.
(a)
n(t^+ At)
(b)
CathodeAnode
FiK.2.4
Phase shift between particle densities n and the elec­
tron temperature 9 when the increased ionization is 
larger than the losses due to ambipolar diffusion.
(a) At time to
(b) Subsequent development at t > t^
The amplification can occur only in a certain wavelength interval.
At short wavelengths the ambipolar diffusion prevails over the increased 
ionization, and at large wavelengths the phase shift of the electron tempera­
ture always exceeds tt/S which leads to damping.
The term amplification when applied to the actual ionization wave 
or striation refers to the fact that the wave energy, that is the amplitude 
of the 'stratification' wave, increases in travelling from the cathode to 
the anode. The corresponding amplitude of the striation will decrease as
the latter moves towards the cathode.
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If the striation is represented as expax cos(uot-kx) , where the 
symbols have the usual meaning, then, since x is measured from the anode 
to the cathode, the amplification coefficient a will be negative for 
amplified waves and positive for damped waves.
2.6 LIMITATIONS OF THE BASIC DIFFUSION MODEL
2.6.1 Influence of Metastable Atoms and Electron Energy Function
Although Pekarek's solution reproduces the general behaviour and
I
time scales of the phase and group velocity of the striations, it omits i 
several important factors, e.g. the effect of metastable atoms is not 
included and the electron thermal conductivity is neglected. However, 
in argon, for example, at the higher current limit both these terms are 
important(^). The effect of the thermal conductivity alone would damp
out the waves. It becomes necessary to include indirect ionization due
to the metastables as well as the direct ionization. More important still, 
is the distortion of the tail of the electron distribution function above
the first inelastic threshold where the depletion by inelastic collisions
..(11,44) is very rapid^ ’ '.
Nedospasov has shown that when the metastables are taken into 
account, the time increment can be positive even for a fairly large thermal 
conductivity, provided there is considerable step-wise ionization and the
(9)excited atoms decay without collisions with electrons' , However, near
the Pupp limit the metastable lifetime is less than which re-
(11)moves the influence of the metastables on the instability' , In this 
case the instability is due to the distortion of the distribution func- 
tion^^^). With increasing electron density more electrons are transferred 
into the depleted tail of the distribution owing to the fact that the dis-
(47)tribution becomes Maxwellian, and the ionization rate increases'
According to Gentle, the Pupp limit where striations are no longer observed.
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corresponds to the point where the electron distribution becomes nearly 
Maxwellian, causing damping, and the metastables relax to local thermal 
equilibrium quickly.
By including the above effects the following expressions for the 
angular frequency and wavenumber k^ for the minimum attenuation,
were obtained by Wojaczek and Tsendin^^’
St E (Z -1)
ÜÜ = --'---------
(2,21)
"o = / ^  j(Zj-l)(2a'-1.5)s
where a ^ = 1.35, s = (2.405)^X0.87 
b = ion mobility (cm s~^ )p ' ^
E = Electric field (v/cm)
Zj = V*/t
V = excitation potential of the metastahle level (volts)
T = electron temperature in energy units (eV)
R = tube radius (cms)
e = magnitude of electron charge.
2.7 WAVE VARIETIES AT LOW CURRENTS :
EFFECT OF THE ELECTRON GAS ,
2.7.1 Time Scales of the Ionization Processes
At the lower current limit of wave excitation, of the order of a
few milliamperes, the direct ionization predominates and the metastables
play a new role since they now contribute essentially an admixture of
another gas with a very low ionization potential. The lifetime of the
metastables becomes larger than that of the positive ions, and the gas of
metastables becomes distinct from the ions, and this can give rise to a
slow ionization wave. The scheme of the two branches of ionization is
assumed to be :
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DISTURBANCE DUE TO PERTURBATION OP PLASMA PiWUAMETER
Change in the ion density Change in the metastahle density
(life-time (life-time 1^ )
*p" wave ion density <C ly)
I  I
'r' wave space charge field space charge field
I I
di sturhance di starhance
2.7.2 Non-Maxwellian Electron Energy Distribution
Another aspect of the discharge which must he included, is the 
non-Maxwell ian form of the electron energy distribution function; this is 
crucial for explaining the wave types and discrepancies in the observed 
phase relations between the wave parameters.
Measurements at different phases in small amplitude Ionization 
waves in neon at low current revealed a strongly non-Maxk'e 11 ian electron 
energy distribution above 12eT ; similarly in the homogeneous c o l u m n . 
Plat but distinct peaks on the curve located at a different position on 
the energy axis, depending on the phase of the wave, were seen.
This change in shape of the distribution function accounts for the 
diserepancy between the hydrodynamic theory and the experimental measure­
ments, and in such situations the mean electron energy ceases to be a
particularly meaningful parameter^
2.7.0 Computed 'Resonances'' in the Distribution Function
Since the electron drift velocity is much larger than the velocity 
of the ionization waves, the latter can be considered to give rise to» a 
spatial modulation of the electric field, of the form :
E = E^ eeos-^ z) ... (2.22%
through which the electrons move.
Using such a configuration Ruzicka computed the electron distribu­
tion function and found peaks appearing in agreement with the experimental 
Particularly striking was the fact that at values of X,results 
given by
... (2.23)
where = energy of lowest excited level
g = 1 , 2, integer ®
Eq = electric field of homoge column
p = the ratio of elastic to inelastic energy loss « 1 , 
the amplitude of the perturbed electron density increased greatly and was 
accompanied by a sudden change in the phase between the perturbed density 
and electric field. For values of X away from these resonance values, 
the hydrodynamic equation predicted the same values of phase and ampli-
tude(lO).
2.7.4 Effect of Resonances on the Wave Dispersion
The resonance value corresponded to a value of E^X, close to 
Novak’s potentials. khen these ’space resonances’ were included in the 
equation for a low current neon discharge describing the ions and meta­
stables, six possible wave types were obtained depending on the combination 
of the time scale and space resonance, as sho\m below :
TABLE 2.1
TIME SCALES AND RESONANCES FOR A N0N-MAK\\ELL1AN 
ELECTRON ENERGY DISTRIBUTION FUNCTION
Space Selection
First Resonance 
g = 1 
EX = 19 V
Hydrodynamic
Maximum
EX = 13 V
Second Resonance 
g = 2
EX = 9.5V
Time Scale Selection
Slow (metastable 
guided wave)
s'
observed
r ’
not observed
P
observed
Fast (ion guided) 
*
s
observed
r
observed
p'
not observed
Integral n u m b e r  a fit inelastic scattering lengthJI(l^p)
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For the particular parameter values chosen, on the slow time scale 
the 8 ^ wave had a positive time increment whilst that for the p wave was 
zero. Between these two resonances a flat hydrodynamic resonance was 
seen with a negative time increment corresponding to an r ^ variety. On 
the fast time scale the wave at the first resonance (s type) and at the 
hydrodynamic maximum, represented amplified waves, whilst at the second 
resonance (p^  type) the wave was damped.
Since the s', s,p waves represent unattenuated waves, it is to he 
expected that in a discharge the ionization waves would 'lock-in' to these 
resonant wavelengths rather than the hydrodynamic values representing 
damped waves. The appearance of waves with Novak's potentials is thus 
explained. In addition, since the wavelength is nearly constant the üü(k) 
dispersion curve would he steeper than for the hydrodynamic case, so that 
the absolute value of the ratio of group to phase velocity would be larger 
in accordance with experiment.
2.7.5 Experimental Evidence for Resonant Behaviour
Recently Rayment has found similar variations in the electron energy 
distribution in neon for p and s waves^^^^. It was seen that there was a 
spatial shift of the maximum of the direct ionization rate towards the anode, 
relative to the electric field maximum corresponding to the physical model 
presented earlier for amplification. Further, the spatial shift was asso-. 
ciated with the arrival of a bump in the electron energy distribution near 
to the ionization potential.
The presence of a bump enhanced the increase in the direct ioniza­
tion rate produced by the action of the electric field maximum on the dis­
tribution function. The measurements suggested that the resonant wave­
lengths were such that the bumps in the distribution were accelerated by 
the field to arrive near the excitation and ionization potentials in the
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right phase,with respect to the electric field maximum, leading to wave 
amplification.
Clearly the inclusion of the non-hydrodynamic behaviour of the 
electron gas was necessary in order to achieve any success in understand­
ing the ionization waves at low currents.
2.8 LARGE AMPLITUDE STRIATIONS AND NONLINEAR EFFECTS
2.8.1 Characteristics of Large Amplitude Self-Excited Waves
1
A distinct characteristic of large amplitude striations is the fact
that they consist of two regions: a rather narrow head with which is asso­
ciated a considerable potential gradient and intense ionization and excita­
tion of the gas, and a broad tail on the anode side where the electric field
is weak and the presence of ions and electrons is due mainly to ambipolar
diffusion(21*5l).
From an examination of Pupp's experimental work on large amplitude 
striations, Farris came to the conclusion that the equation of ambipolar 
diffusion should be applicable,
| f - » a $ = Z  ...(2.24)
where n is the charged particle density (n = n^ = n^ ), Z is the rate 
of production of ion pairs per unit volume, and Dg is the mean ambipolar 
diffusion coefficient. Stewart measured the plasma potential, electron 
temperature and electron concentration as functions of time and position 
in the positive column of argon/^^^. In analysing the results he used 
the above equation which, when transformed, gave an expression which 
allowed the ionization function to be calculated from the experimental 
measurements. The ionization rate Z had a ^-function like character, 
varying in time and space in the same way as the emitted light. Following 
from these results, Nedospasov solved the diffusion equation by assuming
(51)that Z could be expressed as the sum of delta functions' , He obtained
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the result that within an individual striation n decreased exponentially 
in the anode direction. Further the relationship between the length of 
the striation and its velocity, showed that the waves were backward.
Whilst these results indicated the nature of the wave, they did not give 
any insight into the transition from the small amplitude waves to the large 
amplitude waves and the accompanying steepening of the wavefront and other 
associated effects.
2.8.2 Evolution from Small to Large Amplitude Waves
The transition from low amplitude self-excited ionization waves to
( 25)large amplitude waves occurs in three stages' » Waves generated in the 
cathode region, corresponding to the natural modes having a positive gain 
increment, can initially be described by the linear theory. As the ioniza­
tion waves propagate towards the anode they are amplified and in a second 
,transition, region nonlinear effects become effective and harmonic genera­
tion occurs and mode-mode coupling may be present. In the third region
the waves stop growing due to saturation and the spectrum becomes constant
 ^ .. (24,26)in space and time' ’
Sato examined experimentally this evolution to a saturated state 
and found, for his results at least, that the behaviour of the modes could 
be represented by a Landau amplitude equation
= 2y1a 12_ g|A|® ...(2.25)
where |a| represents the magnitude of the wave amplitude, Y the linear 
growth rate, Cx and  ^ the first and second nonlinear saturation coeffi­
cients. The wave grows exponentially as \a \ = |A^ | exp [Y(x - X]^) ]. until 
for 2Y (x-x^) » 1 it reaches a saturated or equilibrium amplitude 
jAgl^  2Y/cc , a value independent of the initial amplitude A^, Further 
experiments concerned with the variation of the saturated amplitude A^ 
and spatial growth rate k^ with the change in current I , showed that as
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the current was decreased from the Pupp limit Iç , both and
( 21)increased as initially' . Upon decreasing the current further,
the above parameters reached maximum values and then decreased. In the 
linear region the waveforms were linear whilst when and k^ decreased
due to nonlinear stabilization, the waveforms had the characteristic non­
linear saw tooth shape.
2.8.3 Regular and Irregular Waves
Depending on the extent of stabilization by inelastic losses, the. 
ionization waves may develop into regular or irregular turbulent large 
amplitude striations. In the latter case the spectrum seen in the satu­
rated region is broadened and is asymétrie about the fundamental modes.
Much of the fluctuation energy is contained in modes outside the interval 
of unstable mode numbers. The velocity of the striations is amplitude 
dependent which gives rise to 'collisions' of striations. These random 
striations have the same 'shock-like' structure as the periodic striations. 
All these effects have been observed experimentally but not always inter- 
preted(25,5l).
2.8.4 The Nature of Self-Excited Waves as Derived 
from Nonlinear Equations
In a series of papers, Grabec has shown that the structure and
other basic effects of large amplitude regular and irregular striations
may be obtained from the nonlinear form of the expressions derived earlier,
equation (2.15), in which the form of the ionization function is not approxi- 
( 23 24 26)mated' ’ ’ ', The variations of the particle density, ionization fre­
quency and electron temperature were computed from the equations to give 
the space-time dependence following an initial perturbation of the homoge­
neous column. The energy equation used for the electrons was still rela­
tively simple, and was of the form:
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- ^ V ^ u  =-qn^V^E n^ZqV. ...(2.26)
where = electron density
= electron flow velocity 
VL = mean electron energy 
q = charge on an electron 
E = electric field
t^ = relaxation time for elastic collisions 
Z = ionization frequency 
= ionization potential .
The electrons are heated hy the electric field and cooled by elastic
and inelastic collisions. The loss of mean electron energy in elastic col­
lisions is described by the relaxation time t^ . In terms of relative 
variables the losses for the homogeneous state are given by C+C^ = 1, 
where C represents the inelastic losses due to ionization and the
elastic losses, and = 1 , C « . In the linear theory the ionization
losses can be neglected but they prove vital in the nonlinear development 
even though they are small, C 0.01.
The response of the column to a low anplitude Gaussian pulse applied
near the cathode is initially similar to Pekarek's linear theory. However, 
it is seen that the growth rate depends on the amplitude which grows rapidly 
due to the nonlinear dependence of the ionization function on the other 
quantities. Without the inclusion of the inelastic losses, the calculated 
deviations quickly reach values too high in comparison with the experimen­
tally observed values. The inelastic losses which depend on Z stabilize 
the wave and lead to saturation. The space-time diagram following an 
initial sinusoidal disturbance is shown in Fig. 2 . 5 .  It can be seen 
that the original pulse moves towards the anode whilst the ionization waves 
generated move towards the cathode. The deviations of the electron concen­
tration above the equilibrium value, grow more quickly than below it. As
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Fi^.2.5
Computed space-time display (after Gratec) slio^ ving 
the evolution of a sinusoidal disturbance
(a) Ion concentration; (b) Ionization Frequency
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the amplitude grows its slope on the cathode side grows and a saw-tooth 
shaped striation is formed. The steeper the slope the faster the stria­
tion moves.
The computations show that for the large amplitude waves the ioniza­
tion occurs in a narrow region since the distribution of the ionization 
resembles a delta function. At high electron density the electric field 
is low and vice-versa, due to the conservation of electric current.
The slope of the striation head is related to the ionization fre­
quency:- the larger the ionization frequency the more quickly the density 
clianges and the more quickly the striation moves towards the cathode. 
Collisions result when the head of a fast moving striation falls into the 
low temperature tail of a slower striation. The peak temperature, ioniza­
tion and hence velocity of the faster striation are diminished, whilst the 
opposite happens to the previously slower striation. If the drop in tem­
perature is sufficient the ionization may fall to zero and the striation 
is annihilated since the amplitude is reduced to zero by diffusion.
This variation in amplitude due to collisions gives the appearance 
of a disturbance moving towards the anode. In the absence of collisions, 
a modulation of the amplitude which resembles that seen for nonlinear perio— 
die water waves, is sometimes possible . As the elastic losses are 
increased a value is reached, depending on the spatial period of the initial 
perturbation, at which the striations are stabilized, so that their motion 
is regular and the amplitude saturates to a constant value.
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2.9 MODE-COUPLING AND MODULATION OF SELF-EXCITED WAVES
2.9.1 Harmonic and Hcteroclyne Generation of Waves
r
It was remarked in the last section that higher harmonic generation 
and mode-mode coupling occur in the transition and saturated regions. i
Heterodyne and harmonic generation produced hy the interaction of two waves} 
was demonstrated hy exciting two waves at frequencies (1)^ and in
a neon discharge in a region where the waves were not heavily damped.
Harmonics at 2u). , 2ua were seen together with satellite frequencies at |
1
(1)^ ± 0)2 • Again in neon, the interaction between p and s waves gave rise 
to a multi line spectrum^. When two waves of slightly differing fre­
quencies were excited in argon, as expected in the linear region, the 
waves were superimposed. As they travelled towards the anode, harmonic 
and sum and difference frequencies were generated until, in the saturated 
region, a broad spectrum was observed^^^). The difficulty in interpreting
these results was that a space-time display was not obtained simultaneously 
with the frequency spectrum display. Recent measurements which have com­
bined the two measurements to examine the evolution from a linear to non­
linear random state in a neon discharge when two wave types are present, 
will be discussed in Chapter X ,
For baclcward ionization waves resonant interactions of the form
=  %  + UÜ2 1 k g  =  + kg ... (2,27)
are not possible and so other explanations must be found for the coupling^^^)
2.9.2 Excitation of Multi-Component Spectrum
( 57)By using selective amplifiers, Ohe and Takeda'  ^Krasa and 
Pekarek^^^), were able to examine individual frequency components from, in 
one case, a discrete multiline spectrum, and in the other, a broad turbulent 
spectrum. They showed that the waves were excited from one or more disper­
sion curves. It was suggested that the multiline spectrum was due to
amplitude and frequency modulation and in both cases forced pumping was 
effective.
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2.9.3 External Modulation and Nonlinonr Van der Pol 
Characteristics of the Discharge
The modulation of the discharge current or voltage can have pro­
nounced effects. For a noisy argon discharge it was found that when a 
signal was applied to the anode and tuned to a frequency characteristic of 
the discharge, the spectrum became well defined, consisting of the funda-
( 73)mental and harmonics of the characteristic frequency ' .
More recently, Ohe and Takeda have shown that effects such as fre­
quency pulling and synchronization to the applied frequency occur, and may 
be explained in terms of a Van der Pol type of oscillator solution^^^^.
Wlien a forced oscillation of frequency cjt) is applied to the positive column 
where an ionization wave of frequency uUg is self excited, the Van der Pol
equation describing the ion density (n) may be expressed as 
2
- (a^  - 2pn - 3yn^) ^  + j^pn = sin ujt ... (2.28)
where A is the amplitude of the forced oscillation, and the ionization 
function (S) has been expressed in terms of the electric field which in 
turn has been expanded in a series
6S = -^ ÔE = an - pn^ - Yn^ . ... (2.29)
This equation is similar in principle to that found for ion acoustic weaves
f 32)and the solution has similar characteristics' , For example, the ampli­
tude of the self-excited wave (a) is related to the applied driving ampli­
tude A and the frequencies UJ, by
(I) = - ... (2.30)
V  - J %
2.9.4 Apparent and Actual Anode Directed 'Disturbances'
External modulation can also result in a regular modulation of the 
striation velocity giving the appearance of anode directed disturbances 
and resulting in the generation of satellite frequencies on the spectrum 
d i s p l a y s .
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In some cases self-excited waves actually travelling towards the 
anode are seen. As already mentioned, Donahue and Dicke reported anode 
directed oscillations moving much faster than the hackivard ionization
( 2)waves' On the other hand, anode-directed disturbances in helium of
comparable velocity to the ionization waves were found^^^). At those 
places where a disturbance and a striation met, the striation was brought 
to rest for a few microseconds and the result of the interaction was a 
visible region of increased light intensity. The origin of these distur­
bances was thought to be connected with low velocity ions. Similar 
interactions were found in neon as a result of an anode directed distur­
bance, found in the cathode region, interacting with the normal striations. 
In this case the disturbances had a velocity approximately ten times that
of the striations and were explained in terms of bunches of negative space-
(14)
charges moving towards the anode in the normal electric field
2.10 FACTORS INFLUENCING MOVING STRIATIONS
2.10.1 External Circuit
The external circuit can, by the provision of a path for feedback 
between the anode and cathode region, affect the moving striations. By 
suitably controlling the phase of the feedback it is possible to suppress
( 27)the moving striation in the discharge' Pekarek demonstrated that the
amplitude and frequency of self-excited moving striations, were slightly 
modified by the presence of a capacitor in parallel with the circuit resis- 
tor(^^). For absolute instabilities the waves are not dependent on the 
feedback for their existence, although they may still be modified by oscil­
lations occurring in the external circuit.
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2.10.2 Tube Radins
Since the loss of particles by diffusion depends on the radius (r)
of the tube, this is one of the parameters upon which the striations are 
dependent.
In a discharge tube consisting of sections of different diameter, 
it was found that the striations changed frequency and wavelength upon
( 37)passing from one tube to another'
Measurements made on tapered tubes showed that the wavelength was 
proportional to R^ , where N varied from 1.5 to 2.0, whilst the frequency 
remained constant, independent of radius, in contrast to the results for 
constant diameter tubes^^^’^ ^\ This apparent discrepancy can be accounted 
for when the influence of the feedback and synchronization of the waves is 
taken into account^^^).
2.10.3 Applied Magnetic Field
The influence of a longitudinal magnetic field has been investi­
gated in detail by Sato^^^^. With increasing magnetic field, the electric 
field decreased rapidly and then levelled out to a constant value. The 
frequency of the ionization waves followed a similar dependence as the 
electric field, whilst the wavelength increased with increasing magnetic 
field. For large magnetic fields, in Sato's case 1.6- 4,0 kG depending 
on the gas, the waves were damped out. By suitably modifying Wojaczek's 
theory to account for the magnetic field, reasonable agreement was found 
for the variations in frequency and wavelength.
The effect of a transverse field has not been studied,so thoroughly. 
Rutscher has observed that the velocity and wavelength are reduced, whilst 
the frequency increases in the region of the applied field^^^). A local 
magnetic field has been shown to decrease the amplification factor whilst 
leaving the characteristics of the remainder of the discharge unchanged.
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Pfan and Rutscher observed that the amplification coefficient in neon 
decreased initially, reached a minimum, and then increased rapidly with 
increasing magnetic field^^^\ Sato used a local transverse field to 
suppress the striations in a localized region of the discharge. Outside 
this region on the anode side, the waves were seen to grow once more show­
ing that the instability was a property of the positive column, indepen-
( 2?)dent of the electrode system in that particular case' \
2.11 THE UNIFORM GLOW DISCHARGE " .
Some features of the uniform glow discharge must be mentioned so 
that the results of later chapters can be interpreted. The positive 
column can behave as if it were a combination of capacitance, resistance 
and inductance. As with conventional alternating current circuits, the 
resulting frequency dependent impedance has certain resonant frequencies 
which in the case of the discharge depend on the plasma parameters.
2.11.1 General Impedance Characteristics of
the Positive Column
If the current of a homogeneous positive column is modulated exter­
nally according to I = I@ (1 + P sin (jut) , the electron temperature and 
electric field will likewise be modulated; these space independent oscilla­
tions are known as synchronous oscillations. Provided p « 1 the changes 
may be derived from the linearised time dependent hydrodynamic equations 
assuming that the column remains axially homogeneous. The amplitudes of 
the resulting changes in electric field, electron temperature and density, 
are constant along the tube axis.
An impedance at a frequency w may be defined as Z(uu) = dE/dJ 
where dE and dj are the changes in electric field and current. Crawford, 
in some early work^^^\ derived an expression for Z using the equation of 
motion of the electrons in the axial direction, the expression for the cur­
rent in terms of electron charge density and velocity, and the diffusion
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for the electron density :
Z(“) = ^  = j  “ -7  j  ...(2.31)
where R^ = -j— , the ratio of the equilibrium values of the 
o electric field and current,
V = collision frequency for momentum transfer between 
electrons and neutrals
b = rate of loss of electrons by recombination or
escape to the walls. \
I
For low frequencies u/v tends to zero and the equivalent circuit } 
consists of a resistance and inductance in parallel; Z has a semicircular 
locus when plotted on real and imaginary axes. At high frequencies 
tends to zero, the collision term dominates and the locus of the impedance 
is a vertical line parallel to the imaginary axis.
The simple theory of Crawford gave a good approximation to his 
experimental results of the impedance characteristics of a low pressure 
mercury-vapour d i s c h a r g e L a t e r  studies have used more complete equa­
tions which account for the different ionization processes and the behaviour
( 47)of the electron gas'
When the applied modulation is not small,  ^ cannot be taken as 
much less than one' . Nonlinear effects give rise to a non-sinusoidal 
waveform of the discharge parameters and a change in their time-averaged 
values. As for ionization waves, these non-linearities are a result of 
the exponential dependence of the ionization and excitation frequencies 
on the electron temperature. Experiments performed by Polman^^^^ showed 
that the discharge was influenced by nonlinear effects even for small modu­
lation depths, p = 0.2, Calculations made without linearising the equa­
tions were in reasonable agreement with the experiments.
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2.11,2 Resonant Frequency of Synchronous Oscillations
At low frequencies there is a resonant frequency of the equivalent 
circuit such that if the homogeneous column is perturbed, damped oscilla­
tions will be seen at this resonant frequency.
For the circuit shown in Fig.2.6, Krejci^^^\ using the results of
U,
Fig.2.6
Circuit for the calculation of the fre­
quency of the synchronous oscillations
Granowski which were based on the simple continuity equations, derived an 
equation relating the change in voltage U to the circuit parameters and 
the direct ionization processes :
d %
dt
... (2.32)
I)
UÜ = ■ #  ( gi^  -  0  °
G =
D =
Ue
-ÿ- with Ug, the electron temperature in electron 
volts and U in volts.
, where t = ambipolar diffusion lifetime.
The expression for the resonant frequency reduces to:
0.38f =
1 b U. o 1
Cp tE Hz , ... (2.33)
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where r = radius of the tube (cms)
b = ion mobility at 1 torr (cm/s)
= ionization potential (volts) 
t = length of tube (cms)
p = pressure (torr)
E = electric field (volts/cm)
Ig = discharge current (amps).
C = capacitance (farads) .
A comparison of the calculated values of the resonant frequency with 
experimental results obtained from an argon discharge, gave an order of mag­
nitude a g r e e m e n t .
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CHAPTER  III 
EXI^IMEÎnITAL apparatus and MEASURING TECHNIQUES
3.1 INTRODUCTION
_ I
The striations were produced in a direct current discharge in argon, 
the discharge being struck between a hollow cathode and a plane anode with 
a stabilized direct current power supply.
The system could be pumped down to a pressure of 10”® torr. Experi-
I
ments were performed at gas pressures between 0.1 and 1.5 torr.
Measurements were made with the aim of studying the waves in the 
discharge and their interaction with one another. Frequency spectra of 
the waves together with measurements related to the amplitude of the waves 
were obtained for different discharge conditions.
Electron temperatures were measured with the aid of a double 
Langmuir probe. The frequency and relative amplitude of the waves in the 
discharge were determined from the signal produced from a pick-up coil or 
photomultiplier and fed to a spectrum analyser. A space-time display of 
the waves was obtained in some cases using the Stirand method^^^),
3.2 DISCHARGE TUBE AND VACUUM! APPARATUS
The complete discharge, pumping, and gas filling system is shoivn in 
Fig.3.1. The discharge tube made from Pyrex glass, had an internal dia­
meter of 5 cms and a length of 110 cms. The tube was connected to the
pumping system by a pyrex cross-piece of 5 cm internal diameter.
The discharge system was evacuated using an Edwards oil diffusion 
pump, backed by an Edwards rotary pump (Speedivac ES 35) . A liquid nitro­
gen trap was mounted above the diffusion pump and directly below a block 
containing a baffle valve which, when closed, isolated the discharge from 
the pumping system. An additional line by-passing the diffusion pump,
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trap and baffle valve enabled the tube to be 'roughed out' Tvith the rotary 
pump.
The backing pressure vas measured vith a Pirani gauge mounted be­
tween the rotary and diffusion pumps. Lover vacua vere measured by a 
Penning gauge mounted on the block housing the baffle valve. The neutral 
gas pressure in the discharge tube vas measured vith an L KB gauge con­
nected to a side-arm of the cross-piece and protected from the discharge 
by a metal gauze sheet across its aperture.
The gas used in the experiments vas admitted to the discharge tube 
through a hole in the anode vith a needle valve used to control the flov 
rate.
The cathode vas a hollov steel vire mesh (10 per cm) of 4mm dia­
meter and 10 cms length. The anode vas an aluminium disc of 4 cm diameter.
The system could be let up to atmospheric pressure by an inlet 
valve on the baffle block. Typically a pressure of 5 X 10”® torr could be 
attained vhen using the diffusion pump and cold trap.
The gas used in the experiments vas British Oxygen technical quality 
argon vhich is quoted as 99.9^ pure. Impurities can affect the properties 
of striations and their limits of occurrence. However, the results to be 
presented are concerned with the interaction of the waves so that their 
origin, as far as impurities vere concerned, was not important.
3.3 ELECTRICAL CIRCUIT
A stabilised power supply capable of giving 500 mA at 3 kV was used; 
this was connected in series vith a chain of six 1 KQ resistors and the dis­
charge tube. A capacitor of 1.5 |jF was connected in parallel to the tube 
and the negative terminal of the power supply was earthed, see Fig.3.2.
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Ammeter
Cathode
Stabilised 
Power Supply
6 KO
'1.5 UF Ahode
0 . 5  laF B
3.4
FiK.3.2
Schematic of the electrical circuit for the discharge 
ARTIFICIAL EXCITATION OF STRIATIONS
Striations may be excited by varying the discharge current or 
vultage^^^). In the present case the voltage was varied by using a sinu­
soidal generator with a variable output, maximum voltage 25V peak to peak, 
connected between the cathode and the anode, points A and B in Fig.3,2.
To prevent large d.c. voltages appearing on the output of the oscillator a 
blocking condenser of 0.5 jjF was connected between the generator and anode.
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3.5 FILLING THE SYSTEM mTH GAS
In a typical run the whole system up to the regulator on the gas 
cylinder was pumped down to about 5 X 10~® torr. The gas admittance 
needle valve was then closed and the line between the cylinder and tube was 
filled with argon. After this the baffle valve was closed, isolating the 
tube from the pumping system, and the needle valve was opened and the tube 
filled to a pressure of a few torr. By using the by-pass pipe, gas was 
then pumped continuously through the discharge tube with the rotary pump. 
The pressure as measured with the LKB gauge was set by adjusting the 
needle valve.
Finally a discharge of about 100 mA was struck and allowed to run 
for about 15 minutes to achieve steady conditions before measurements at 
the desired current were taken.
3.6 RUNNING THE DISCHARGE
The operating range of the system was between 0.1-4,0 torr and 
10- 350 mA.
At lower pressures the discharge became unsteady since it would 
sometimes strike to the pumping system. At pressures higher than 4 torr 
the discharge column constricted and required currents larger than 400 mA 
to sustain it.
3.7 DOUBLE LANGNUIR PROBE
A double Langmuir probe of glass construction was used to measure 
the electron temperature. The electrodes of the probe consisted of 
two tungsten rods, diameter 0.5 mm, with their axes separated by 2mm .
The electrodes were positioned on the axis of the discharge tube and at 
right angles to it. The voltage-current characteristics were obtained 
using the circuit showin in Fig.3.3(a).
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The electron temperature (T ) ivas then calculated from
Tg = 0.252 A eV
where A (volts) is obtained from the voltage-current characteristic, Fig. 
3.3(h). The variation of T^  with pressure and current is shown in 
Fig.3.4.
d.c.
Supply
Langmuir
Probe
(a)
Current
Voltage
(b)
Fig.3.3
(a) Langmuir probe circuit 
A-Ammeter, V - Voltmeter
(b) Current-voltage characteristic
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Fig.3.4
Variation of electron temperature
(a) With pressure, current = 100 mA
(b) With current, pressure = 1 torr
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3.8 DETECTION OF THE WAVES
The striations (waves) in the discharge produced changes in the 
electron temperature and particle (electron and ion) densities which in 
turn resulted in variations of the emitted light intensity and the electric 
potential of the discharge, respectively. These changes occurred with the 
frequency and wavelength of the waves so that by monitoring the light inten­
sity and electric potential, the frequency, and in some cases the wavelength, 
could be determined. In addition the relative changes in amplitude along 
the tube could be obtained from the above measurements.
3.9 CAPACITIVE PICK-EP PROBE
The changes in potential could be detected by using a capacitive
pick-up probe close to the tube^®^^. Such a probe was made by wrapping
five turns of copper wire on a cylindrical paper former which was concentric 
with the discharge tube and free to run along it. One end of the wire was 
left free on the former, whilst the other end was connected to a low fre­
quency spectrum analyser, Tektronix 1L5.
The width of the capacitive probe was 3mm , and so could resolve 
spatial variations larger than its width. The signal received by the 
spectrum analyser from the probe was proportional to the alternating compo­
nent of the electric potential at the position of the probe along the tube. 
That the probe could respond to the frequencies of the waves was confirmed 
by externally modulating the voltage at a known frequency and obtaining a 
probe signal at the same frequency.
3.10 PHOTOMULTIPLIER
The emitted light intensity was detected with the aid of an 
EMI 9592B photomultiplier. Saturation of the photomultiplier was avoided 
by keeping the output d.c, current below 0.1 mA by attenuating the incident 
light with neutral filters and small apertures.
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The signal from the load resistor of the photomultiplier was fed 
to the spectrum analyser.
By mounting the photomultiplier on an optical bench, parallel to 
the tube, axial variations in the light intensity from the discharge could 
be measured by changing the position of the photomultiplier. It proved 
convenient to use a light pipe, one end of which was attached to a slide
on the tube while the other was mounted in front of the photomultiplier
window.
The alternating signal from a photomultiplier, proportional to the 
light intensity from the discharge, can usually be related to the change 
in the ionization function due to the striations. In particular this has 
been shown experimentally to be the case for self-excited waves in argon^^^) 
For small amplitude waves the change in ionization function is proportional 
to the change in electron temperature' ,
3.11 SPECTRUM ANALYSER ■
The signals were analysed with a Tektronix 1L5 spectrum analyser 
having a frequency range of 0-1 MHz. Before each experimental run the 
\ standard calibration checks, as given in the manual, were carried out.
The accuracy given by the manufacturers is: Centre Frequency: ± 5^,
Dispersion: ±10^.
The sweep period required to scan the spectrum is of the order of 
0.1 sec and therefore the analyser is not capable of recording 
'instantaneous’ events. Rather, the input signal is Fourier analysed to 
give the root mean square of the amplitude of each frequency component and 
so for aperiodic signals the results must be interpreted with care.
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3.12 SPACE-TIMd DISMAY
Time resolved measurements were taken using the space-time display 
method of Stirand et al^^^\ the principles of which are shown in Fig.3.5.
A
C RO
t
z
Fig.3.5
Principle of space-time display. G- generator (artificial
excitation); CEO - oscilloscope; S - external trigger;
V vertical d.c. input; M - modulation of beam intensity;
A - anode; C - cathode; D - ring for reference trigger 
signal; P - photomultiplier movable along track;
¥ - slide wire voltage divider
The detector, photomultiplier or coil, was moved along the tube, 
the output representing the light intensity or electpic potential at each 
point at the instant the photomultiplier or coil passed.
In order that the oscilloscope triggering was synchronised with the 
striations, the signal from a coil mounted at a fixed position on the tube 
was fed to the external trigger on the oscilloscope.
The slide wire contact gave a voltage proportional to its distance 
from the cathode. This signal was fed to the y input of the oscilloscope 
and had the effect of moving the position of the oscilloscope trace up or 
down the screen as the detector was moved along the discharge.
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The signal from the detector was used to modulate the intensity of 
the trace on the screen so that only the maxima, corresponding to maxima 
of the input signal, were observed as spots on the screen.
As the detector was moved slowly down the tube, the oscilloscope 
trace swept across in almost horizontal lines, each line representing the 
time variation of the maxima in light intensity or electric potential of 
the striation. The loci of the maximum points thus gave a space and time 
plot of the striations as they travelled through the discharge. From these 
space-time pictures the motion of the waves could be observed.
3.13 SPACE-TIME DISPLAY FOR IRHEGULAHLY MOVING STRIATIONS
Mien the motion of the waves is aperiodic the Stirand method cannot 
be used because the oscilloscope triggering cannot be synchronised to the 
waves. For such a case a rotating drum camera, outlined in Fig.3.6, can 
sometimes be used. Unfortunately for this type of camera the light inten­
sity from some discharges is insufficient to expose the film. This method 
could not be used with the argon discharge but was employed successfully to 
obtain the results, described in Chapter X, for a neon discharge.
The drum, which was rotated by an electric motor, was mounted level 
with the discharge with its axis parallel to the tube. High speed film,
800 ASA, was mounted around the circumference of the drum and a lens, f/l.8, 
was used to image the discharge onto the film. The image appeared as a 
horizontal line of negligible breadth.
As the drum was rotated the entire film became exposed to the image 
of the discharge. At any instant the positions of increased light inten­
sity in the discharge tube due to the striations produced regions of in­
creased exposure along the image of the film. A moment later the film and 
striations had moved so that a new image with the regions of increased 
exposure in new positions, was formed on the film adjacent to the previous
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Rotating Drum
Lens
Image of 
Discharge
Discharge
Tube
Fig.3.6
Schematic of a rotating drum camera
image. In this vay the position of the light intensity maxima of the 
striations along the tube at different times, ivas recorded to give a space- 
time plot of the "waves,.
The space and time axes "were calibrated by placing markers at a 
known distance apart along the tube, and by using a small neon lamp "which 
ivas positioned at the end of the tube and pulsed at a known frequency. 
These markers appeared on the film to give a direct calibration.
A shutter in front of the lens "was used to ensure that the film 
"was only exposed for one revolution of the drum.
Since this method does not rely on any synchronisation with the 
waves, the irregular motion of the striations could be observed from the 
space-time pictures obtained from the film.
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CH A P T E R IV
EICPERIMENTAL OBSERVATIONS OF SELF-EXCITED ¥AVES
IN IHE ARGON DISCHARGE '
4.1 INTRODUCTION j
The linear and nonlinear propagation of regularly moving striations 
in an argon discharge were studied hy recording the frequency spectrum and 
amplitude variation of the waves.
The general scheme of the investigations will he described before i 
outlining the contents of this chapter.
From preliminary experiments with the 5 cm diameter argon discharge, 
described in Chapter III, it was seen that discrete multiline frequency 
spectra resulting from the interaction of self-excited waves could easily 
be obtained. For this reason more detailed observations were carried out 
using argon as the discharge gas.
The fundamental frequencies of the self-excited waves fell into 
three frequency ranges: 200-900 Hz , 1-5 kHz , 10-40 kHz. These will
subsequently be referred to as frequency ranges (a), (b) and (c) respec­
tively.
In addition to the interactions between the waves in the different 
frequency ranges which gave rise to the multiline spectra, it was found 
that the waves within each frequency range (a) and (b) exhibited spatial 
variations in amplitude due to both linear and sometimes nonlinear processes,
The experimental results were obtained from measurements of the fre­
quency spectra of the waves taken at different positions along the discharge 
tube for certain pressure and current settings. The frequency spectra were 
derived from the coil and photomultiplier output signals as described ear­
lier, Chapter III, By varying the current and pressure different effects 
were observed.
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From the recorded frequency spectra the axial variation of the 
amplitude of each frequency component could he obtained; this allowed the 
nature of the linear interactions of the waves within frequency ranges (a) 
and (b) to be deduced. For the waves in frequency range (b) it was possi­
ble to directly observe the interaction using the space-time display tech­
nique and so confirm the deductions made from the 'time averaged' standing 
wave patterns.
Once the linear interactions of the striations were determined 
it was possible to deduce the nature of the nonlinear interactions from 
the variation in amplitude of the 'sum and difference' frequency components 
generated by the interactions. Visual observations made with a rotating 
mirror supported the proposed form of interaction.
In this chapter, the characteristics of the waves in frequency 
range (b) and an interpretation of their linear interactions are presented 
first. The results for the waves in frequency range (a) are then described. 
Following the description of the nonlinear modulation of the waves in range
(b), the nonlinear interactions between the waves in ranges (a) and (b), 
range (b) and (c), and all three ranges simultaneously, are described. The 
interpretation of the nonlinear results is dealt with in Chapter VII.
Since the terms'apparent stationary striations', standing wave 
patterns and wave patterns are frequently used, it is useful to define them 
from the outset. '
Under certain circumstances it was possible to see with the eye 
apparent stationary regions of increased light intensity occurring at regu­
lar intervals along the discharge tube, these are referred to as 'apparent 
stationary' striations. The recorded axial variations of the amplitude of 
the frequency components obtained from the spectrum analyser recordings of 
the photomultiplier and coil signals, are termed 'standing wave' patterns or
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•wave patterns. Standing wave patterns were observed with and without the 
simultaneous observation of apparent stationary striations.
4.2 LINEAR INTERACTIONS: CTIARACTERISTICS OF THE SELF-EXCITED
WAVES WITH A FUNDANEI>JTAL FREQUENCY IN RANGE (b) : 1- 5 KHz
4.2.1 Frequency Variation '
Of all the waves seen, those in frequency range (b) had the largest 
amplitude and were the most easily observed since they existed over almost 
the entire pressure and current region within which self-excited waves 
occurred.
The waves had a fundamental frequency between 1-5 KHz with harmo­
nics, which in some cases extended up to the seventh order. Fig.4.1. The 
variation of the fundamental frequency with pressure is shown in Fig. 
4.2(b). The corresponding variation with current, Fig.4.2(a), at a given 
pressure, displays discontinuities, but the general trend is that the fre­
quency increases with current.
FUNDAMENTAL
FREQUENCY
Fig.. 4.1
Frequency spectra for a wave in frequency (b), showing the funda­
mental frequency 5.2 KHz, and harmonics p = 0.15 torr, I = 95 mA
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Fig.4.2
Variation of the fundamental frequency vith: 
(a) Current, p = 0.15 torr
,h) Pressure, 1 =  92 inA
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4.2.2 Standing-Wave Pattern
The amplitude of the fundamental vave and each harmonic, as mea­
sured from the coil and photomultiplier signals, varied vith position along 
the discharge to produce standing vave patterns as the examples in Fig.4.3 
shov. The standing vave patterns extended the vhole length of the posi­
tive column; generally the amplitude of the photomultiplier signal de­
creased vith distance from the cathode, vhereas the signal from the pick­
up coil increased vith distance. Furtlimore the positions of the maxima 
and minima for the photomultiplier vave pattern did not coincide vith 
those obtained from the coil signal.
The separation in maxima in the standing vave patterns vas inversely 
proportional to the frequency. For the fundamental frequency this distance 
vas of the order of 15 cm at a pressure of 0.3 torr.
By triggering an oscilloscope vith the signal from a coil at a 
fixed position along the discharge tube and displaying the signal from a 
second coil vhich could be moved along the tube, it vas possible to mea­
sure the relative phase betveen signals at different positions along the 
discharge. It vas found that at positions corresponding to adjacent 
maxima in amplitude, as measured in the standing vave pattern, the signals 
vere in phase vith one another.
The standing vave patterns obtained from the coil signal vere 
generally more pronounced than those given by the photomultiplier signal. 
Indeed, the amplitude patterns for the fundamental mode vhen measured by 
the photomultiplier, shoved hardly any periodic variation in amplitude.
The variation in amplitude of the photomultiplier signal for the 
' , . fundamental frequency vith current at a fixed
position is shovn in Fig.4.4.
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Standing-wave patterns of the waves in frequency range (h) 
(a) Coil signal; Frequency: 3.4 lülz; Current: 64 mk;
Pressure: 0.15 torr
(h) Coil Signal; Frequency: 5 IQlz; Current: 100 mA.;
Pressure 0.2 torr
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Coil signal, Fundamental frequency: 2.6 KHz;
Current: 98 mA; Pressure: 0.2 torr
(i) Fundamental, (ii) 1st Harmonic, (ii) 2nd Harmonic.
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Wave pattern for first harmonic. Frequency: 3,62 KHz;
Current: 76 mà; Pressure: 0.57 torr
(i) Photomultiplier signal; (ii) Coil signal
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Fig.4.5fe)
Vave pattern from photomultiplier signal. Current: 95 mA; 
Pressure: 0.33 torr; (i) Fundamental, Frequency 3.3 KHz;
(ii) First harmonic
M
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Fig.4.4 Current (mA)
Amplitude of fundamental frequency versus current
for the photomultiplier 
Signal: p = 0.28 torr
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4.2.3 Interpretation of the StnnOinrf Wave Patterns
Anode
8 cm I
<DOCÎ
CO
-Pw•HQ
0,2 msecTime --->
FiK.4,5
Space-time display of the coil signal.
Pressure: 0.3 torr; Current: 57 mA
A space-time display, obtained from the coil signal by using the 
Stirand method, for the situation ^ hen a standing ivave pattern ivas found 
from the spectrum analyser measurements, is shown in Pig.4.5 It can be 
seen that in addition to the lines sloping from the left down to the 
right, which show the path of a striation moving from the anode to the 
cathode, there are vertical stripes due to synchronous, space-independent, 
oscillations with the same frequency as the striations.
The space-time display shows that the amplitudes of the travel­
ling waves (striations) and the synchronous oscillations are simply super­
imposed allowing the variation in amplitude of the standing wave patterns 
of the coil and photomultiplier signals to be explained in terms of linear 
interference.
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For the general case of two waves which have the same frequency 
and wavelength (X) hut travel in opposite directions, the adjacent maxima 
in the standing-wave patterns are separated by a distance X/2, In the 
present case the interference is different since the distance between 
adjacent maxima is equal to the wavelength X .
The nature of the interference could have been obtained from the 
standing-wave pattern and the knowledge of the phase relation between the 
signals from adjacent maxima in the wave patterns without referring to 
space-time displays.
4,2.4 Information Obtained from the Wave-Patterns
In interpreting the axial variation in the wave patterns in a way 
which is consistent with both the coil and photomultiplier measurements, 
some features of the variations in ionization function and electric poten­
tial for the travelling waves and syoichronous oscillations are seen. It
is worth recalling that the pick-up coil acts capacitively^^^^ and that
the signal is proportional to the changing electric potential at the point 
on the tube where the coil is positioned.
For the travelling wave, the light intensity (L^ ) and the electric 
potential (V^ ,) may be represented by the expression :
L = A e ^  sin(ujt-kx + §)
* * nr (4 -1 )
V = C e sin(ot-kx) w o  ' '
where A^ , are the amplitudes at x=0,
X = axial distance measured from the anode,
U) = angular frequency
k = wavenumber
a = spatial amplification coefficient 
§ = phase angle relative to the electric potential.
The electric field (E^ ) and light intensity (L^ ) for the syn­
chronous oscillation may be represented by;
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Eg = m sin (ojt + cp)
. . .  (4 .2 )
Lg = B sin (uut + Ô )
where m , B are constants and cp and 6 account for any phase difference 
relative to the electric potential (V^). From the expression for Eg , 
the electric potential due to the synchronous oscillation (V ) is obtained
s
from bV
so
Vg = [p ^ - r n x j  sin(ujb + cp) . . .  (4 .3 )
where D is a constant. 
0
The amplitude of the resultant wave pattern for the light intensity
is given by I .
L = V A^+B^ + 2AB cos(kx- §+6) ... (4.4)
and that for the electric potential is given by
V = J C^+D^ + 2CD cos(kx + cp)' ... (4.5)
where, A = A e ^  , C = C e ^  , D = D -mx.o o o
From these expressions for the amplitudes it can be seen that the 
relative positions of the amplitude maxima for the light intensity and 
the coil signal depend on the values of the phase angles cp, § and Ô .
It was found that the positions of the maxima of the coil and photomulti­
plier wave patterns were either t]/2 or p out of phase, a situation 
which requires that (- §+ 6) = cp + -^  or cp+P. For moving striations 
Ç 0 which gives values o f ô  = cp + - ^ o r c p + p .
The coefficients A and C in equations (4.4) and (4.5) for the
resultant amplitudes of the light intensity and electric potential are 
proportional to expcxx . In contrast the coefficient D , which is related 
to the electric potential of the synchronous oscillation, is linearly pro­
portional to X : it is for this reason that the axial variations of the
amplitudes of the standing wave patterns of the photomultiplier and coil 
signals are different. The following example bears out the above explana­
tion.
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4.2,5 Computed Standing Wave Pattern
The axial variations in amplitude for the photomultiplier and coil 
signal for the first harmonic of 3.7 KHz at a current of 79 mA, are shown 
in Fig.4.6. Because in this case the changes were so regular it was 
possible to compute a wave pattern, assuming sinusoidal variations, for 
the superposition of a travelling wave and a synchronous oscillation.
By taking several maximum and minimum values to calculate a, a 
curve was fitted to the experimental points for the photomultiplier signal. 
Fig.4.6(a). This gave a value of a= 0.01 and the ratio of the travel­
ling wave amplitude to that of the synchronous oscillation at x = 0, was 
equal to ^ = 3.4.
In a similar way a was calculated for the coil signal. Fig.4.6(b), 
to give a value of 0.011 in agreement with the value found from the other 
curve. Using the derived value of a and the expression for the poten­
tial (V), equation (4.5), the value of m was found to be 0.3 and the
ratio of the travelling wave amplitude to the synchronous amplitude at
Cx=0 was equal to — = 0.2. To check the validity of using equation 
(4.5) several other maxima and minima were calculated and are shown in 
Fig,4.6(b). From the general shape of the curves in Figs.4.3, 4.6(b) -
the decreasing of the maxima and minima values with distance from the 
anode - and the numerical values obtained, it can be seen that the change 
in potential due to the synchronous oscillation is larger than that due to 
the travelling wave. For the light intensity patterns the converse is 
true. This may be explained by considering the variations in electron
/17)
temperature since the light intensity is proportional^ ' to the elec­
tron temperature, which in turn is related to the electric field through 
the energy equation.
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For a potential (V) given by
V = C sin(ujfc-kx) + (D - mx) sin(ojt + cp) ... (4.6)
•where the symbols have the same meaning as before and a= 0, for simpli­
city, the electric field is given by
E = - = C^k CO s ( at - kx) +msin(ot + cp) ... (4.7)
In the example above, =“2,5, k = ~  cm“  ^ and m = 0.32, -which
give C^k > m . That is, the electron temperature variation of the travel­
ling wave is larger than that of the synchronous oscillation. Consequently 
since the electron ten^erature is proportional to the light intensity, the 
latter is correspondingly larger for the XIO' 
travelling wave than for the synchronous 
oscillation, in accord with the experi­
mental results.
Besides the linear interference 
of waves , other effects were found to 
produce a standing-wave in the time
averaged patterns. These effects will 
be discussed in connection with doublets 
and artificial excitation and modulation.
4.2.6 Identification of the Travelling 
Waves
From the wave patterns at various 
pressures, and using additional points 
obtained from phase sensitive measure­
ments, the phase velocity versus pressure 
(p^ ) was obtained. Fig.4.7. The ion 
drift velocity calculated for argon for
a value of E = 1.5 v/cm is shown, o
The fit of the points shows that the
8
0.2 0.60.4
FifT.4.7 Pi'essure (torr)
Phase velocity against pressure 
o o Experimental 
  Ion drift velocity X t/4
- 75
velocity is proportional to E^/p^ , which is a characteristic of stria­
tions.
The expressions for oo and k derived hy Tsendin, section 2.6.1,
give a similar pressure dependence for the phase velocity:
U) . / E
^ ^  const, h V VTg ... (4.8)
 ^o
since the pressure dependence of T is less than that of h .
® P
The calculated values of uo and k at 0.3 torr, T = 3 eV,
e
E =-=1.5 V/cm, a = 0.85 cm"^ and h^ = 1.2 X 10^ cm/sec at 1 torr, are
according to Tsendin's theory, equal to
U) = 1.88 X 10^ rad/sec 
k = 0.8 cm""^
whereas Pekarek's theory gives
U) = 7 X 10"^  rad/sec 
k = 2 cm"^
cp = 7.65 X 10'^  sec""^  .
The experimental values were :
0) = 2.5 X lO'^  rad/sec 
k = 0.7 cm ^ .
Tsendin's theory is in reasonable agreement, while Pekarek's 
values are too large. As noted in the review chapter, Pekarek's theory 
remains qualitatively correct even when considering argon. To obtain 
quantitative agreement the constants in the equations must be modified. 
Assuming that Pekarek's theory gives o) and k three times too large, 
then the adjustment of the constants in equations, will give a corrected 
cp(k) of 3,4 X lO'^  sec"^ . Translating this temporal amplification into 
a spatial amplification is achieved using
a = #  = . 1.7 cm-l .
. A) ' 2.0 X 10^
Sk
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Although only a rough estimate, the large value of a indicates 
that self-excited waves will grow rapidly as they travel in the discharge.
In the computed example given earlier, a value of a = 0.01 cm-1
was obtained which seems at variance with the previous statement. How­
ever, as the next section will show, this latter a was a measure of the 
amplitude variation once the nonlinear groifth had been fully stabilised to 
give a constant or diminishing amplitude. Amplitude measurements made 
using the pick-up coil at the head of the positive column when the travel­
ling wave was growing, gave a value of a'^ 0.3 cm*"^ .
4.2,7 Nonlinear Nature of the Travelling Waves
For the pressures used in the experimental investigation, the 
Pupp limit is of the order of amperes. Since the currents used were of 
the order of tens or hundreds of milliamperes, well away from the Pupp 
limit, the linear theory is likely to be inadequate, and nonlinear theories 
must be used^^^).
Indeed, the presence of harmonics of the fundamental wave implies 
that the waves are nonlinear: when nonlinear terms are retained in the
equations describing ionization waves, harmonic frequencies are obtained.
(4)According to the results of Garscadden's stability analysis^  ^of 
the simplified equations of Pekarek, the discharge should be absolutely 
unstable for the backward waves in the argon discharge.
As will be seen, in the absence of other waves, the ionization 
waves of frequency range (b) had a uniform velocity and the frequency 
spectrum, even with the interactions present, consisted of a discrete line 
spectrum rather than a broad continuous spectrum. Referring to Grabec's 
work, section 2,8.4, the above observations imply that the energy losses 
due to inelastic collisions were sufficient to fully stabilise the non­
linear growth before the 'explosive' instability set in.
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It may be concluded that the waves are nonlinear, absolute insta­
bilities of a backward wave nature which are stabilized by energy losses.
4.3 LINEAR INTERACTIONS : SYNCHRONOUS OSCILLATIONS
The variation of space-time diagrams of the synchronous oscilla­
tions with current is shotvn in Fig.4.8. It can be seen that in some cases 
the amplitude of the synchronous oscillations is larger than the amplitude 
of the striationsT" With increasing current the synchronous oscillations 
are damped away.
Since standing wave patterns were obtained for each harmonic of the 
travelling wave, the synchronous oscillations must have had frequency com­
ponents at the harmonic frequencies. As with the striations, the pre­
sence of harmonics implies that the oscillations were nonlinear.
It is known that striations can perturb the anode region and 
produce oscillations in voltage of the discharge as a whole at the same fre­
quency as the striations^^^). The occurrence of these synclironous oscilla­
tions may be explained with reference to the work of Erejci. Chapter II.
Using the values for argon of b = 3.75 X 10^ cm/sec, U. = 15.7V,
P 1
then at 0.3 torr and 60 mA with E ^  1.5 v/cm, t = 107 cm to correspond 
with the present experimental conditions, the resonant frequency from equa­
tion (2.33) is of the order of 1 EHz. So, the frequency of the stria­
tions is near to the resonant frequency for synchronous oscillations.
In the present case, the perturbation is provided by the striations
and so on the right-hand side of equation (2.32) can be added a source term
iQtwhich for simplicity is written as A e , where ÇI is the frequency 
of the striations and A is the amplitude of the forcing term dependent 
in some way upon the amplitude of the striation, to give:
...(4.9)
“ Shown by the destructive in t^ fe re n c e  fig 4 8a .
4 cm 1 40 mA
(«)
I— I
0.2 msec
57 mA
(b)
Anode
120 mA
(c)
' Time 
Cathode Fig.4.8
Space-time display of coil signal. Pressure 0.3 torr
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■which gives
„ = i  * • “ ’ *
^ (u)^-n®) + 2 poi
f V ( C T ) m : ? W "  • -
From the variation of the amplitude of the photomultiplier signal 
of the fundamental mode with current, Fig.4.4, it can he seen that, since 
the travelling wave component is larger than the component due to the syn­
chronous oscillation, the amplitude of the light intensity due to the 
striations increase linearly with current.
It is assumed that the forcing term is dependent on the amplitude 
of the striations and so increases with current. In addition the stria­
tion frequency Q increases linearly with current. Fig.4.2, as does p, 
whilst 0) increases as the square root. So the dependence of A, p, w, 
n on the current. I, may he written most simply as A = A^I , uj = uo^ /l ,
Q = IQ^ , P = P^ I, This gives the following expression for |u| ,
'” ' " C o o ' O J '
Since Q is greater than (jo. from the theoretical value of 0) 
and the experimental values of 0, as the current increases |u| will 
decrease to a constant value.
At the higher currents the synchronous oscillations are not seen 
even though the striations are present to provide the driving force, and 
the theory predicts the existence of the oscillations. This implies that 
the coupling of the striations with the anode region to produce the oscil­
lations, is more complicated than the naive assumption made above that the 
voltage perturbation is proportional to the striation amplitude. Indeed 
as will be seen in section 4.5 and Chapter V, when the discharge voltage 
is modulated at the striation frequency, it is possible, by adjusting the
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discharge current, to change from a state where synchronous oscillations 
are generated to one where these oscillations are damped out, and yet the 
moving striations are modulated to produce a standing wave pattern.
4.4 LINEAR INTERACTIONS : CHARACTERISTICS OF
THE WAVES IN FREQUENCY RANGE (a)
At pressures greater than about 0.2 torr, oscillations with fre­
quencies in the range 400-900 Hz were seen for certain values of discharge j 
current in addition to the striations described in section 4.2. Harmonic ; 
frequencies of the fundamental frequency were sometimes seen, but the more 
usual situation was that they were absent.
These waves were detected by both the coil and photomultiplier 
but the photomultiplier signal proved the more sensitive to axial varia­
tions in amplitude. Two examples of the wave patterns are shown in 
Fig.4.9. The amplitude variation exhibits maxima and minima at positions 
along the axis.
The frequency of the waves is near to the resonant frequency of 
the discharge and so the variation in amplitude may be due to linear inter­
ference of a synchronous oscillation and a travelling wave. Unfortunately 
since the larger frequency waves existed simultaneously and were of larger 
amplitude, they triggered the oscilloscope and so it was not possible to 
obtain a space-time display of the waves in frequency range (a).
The change in separation between maxima for different frequencies 
was observed by artificially exciting waves, as will be described in 
Chapter V. The results show that these waves have a backward nature.
So .far, the linear interference of waves, has been observed and 
interpreted. Under some circumstances, however, effects consistent with 
nonlinear phenomena were observed and these will be described in the next 
section.
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4.5 NONLINEAR INTERACTIONS OF TI]E SELF-EXCITED WAVES
4.5.1 Apparent Stationary Striations in Frequency Range (b)
Stationary striations, ti) = 0, are seen in argon usually only near 
the cathode end of the positive column, and are heavily damped towards the 
anode with the result that only one or two can be seen^^^). However, in 
the present experiments it was possible to see, under some circumstances, 
what appeared to the naked-eye to be stationary striations extending much 
further into the positive column. Microdensitometer traces of photographs 
taken of the positive column, representing the time averaged light inten­
sity, are shown for different currents in Fig.4.10 for a pressure of 0.15 
torr. The two peaks at the cathode end are the stationary (u)= O) stria­
tions seen for all values of current. As the current was increased above 
40 mA, apparent 'stationary* striations were observed as is shown from the 
presence of peaks in the patterns. From the traces the distance between 
the light intensity was maxima about the same as the distance between 
maxima on the standing wave pattern of the first harmonic, which was 
similar in appearance to the patterns described in section 4,2. From 
the photomultiplier signal it was found that the apparent stationary pat­
tern was oscillating at the same frequencies as the striations in frequency 
range (b). Under these circumstances the standing wave patterns for the 
fundamental and harmonics, had the same separation in maxima. Fig.4.11, 
Furthermore, the apparent 'stationary' striations sometimes exhibited a 
binary structure as can be seen from long exposure pictures of the dis­
charge, Fig,4,12, which show the discharge as it appeared to the naked- 
eye.
The binary structure was best seen at currents between 20-40 mA.
At the low currents the striations were highly convex towards the cathode. 
The region of light intensity at the head (cathode side) of each doublet 
was longer than the second region , and the distance separating the maxima
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ar
Fig.4.12
Pictures of the discharge for exposure time of a fetv seconds, 
(a) Pressure: 0.3 torr; Current: 35 
(b,c) Pressure: 0.33 torr; Current: 42 inA.
(d) Pressure: 0.37 torr; Current: 38 mA
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Fig.4.15 Distance from cathode (cms)
¥ave pattern for a doublet structure, photomultiplier signal,
First harmonie: 5.2 KHz; Current: 34.5 mA; Pressure 0.23 torr
■within each douhlet was smaller than the distance between the head of one 
doublet and the head of the adjacent doublet. An example of the standing, 
pattern for a binary structure is shown in Fig.4.13 as measured with the 
photomultiplier. Generally the patterns obtained were not so s^ inmetri- 
cal but appeared as in Fig.4.14. With increasing current the doublet 
structure disappeared, since the separation in light intensity maxima were 
equal, as in Fig.4.15, and the 'stationary' striations were more difficult 
to see. For the particular pressure of 0.25 torr, the column appeared 
homogeneous to the eye for currents above 100 mA although the standing 
pattern was still detected. Fig.4.16.
Linear interferencewould not give a time averaged pattern as
found here since the integral
t + T
J sin (lut-kx) = 0  ... (4,12)
t
The phenomenon is essentially nonlinear and will be discussed in Chapters 
V and VI.
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Vave pattern for doublet structure; photomultiplier signal,
First harmonic: 3.3 KIIz; Current: 20 mA; Pressure : 0.37 torr
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Wave pattern for first harmonic; photomultiplier signal;
Fig.4.15
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8
6
ir
4
2
Distance from cathode (cms)Fig.4.16
Wave pattern for first harmonic; photomultiplier signal,
Frequency: 7,2 KHz; Current: 180 mA; Pressure; 0.25 torr
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4,5,2 Mode-Couplinfr between the Waves in the
Frequency Ranges (a) and (b)
The change in the frequency spectnun which accompanied the occur­
rence of the oscillations in the frequency ranges (a) and (h) can he traced 
from Fig,4,17, At a current of 160 mA the familiar spectra of the self­
excited striations with a fundamental frequency of 2.5 EHz with harmonics
was seen, Fig,4,17(a), As the current was reduced, an oscillation at about
!
630 Hz was seen together with satellite frequencies around the first and 
second harmonics of the 2,5 EHz wave. Upon further reduction of the cur­
rent, the amplitude of the 630 Hz oscillation increased as did the ampli­
tude of the satellite^/whilst the amplitude of the 2.5 KHz oscillation 
and its harmonics decreased.
In Fig,4,17(d) the frequency of the striations is a few hundred 
Hertz less than in Fig,4,17(a), This was due to the fundamental frequency 
decreasing with current. The fundamental frequency, 2,3 KHz has satel­
lites on either side, whilst the first and second harmonics, 4.6 KHz and 
6,9 KHz appeared to have only the lower satellites, although with finer 
resolution the upper satellite could be detected above the noise. Within 
the accuracy of the spectrum analyser, the separation of these satellites 
from the basic frequencies is approximately equal to 630 Hz, Although in 
general both satellites could be detected on either side of the fundamen­
tal and harmonics, the occurrence of the lower satellite was more pro­
nounced than that of the upper satellite and its axial variation in ampli­
tude could be measured.
The time-averaged patterns of the amplitude still showed spatial 
modulation at the satellite as well as the fundamental and harmonic fre­
quencies; some examples are given below. Wave patterns are shown in 
Fig,4,18 for the fundamental, first harmonic, second harmonic and third 
harmonic and their lower satellites when the distance between consecutive
- 89 -
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Spectrum of mode coupling of self-excited vavcs. Coil signal.
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maxima, , for the lower frequency 600 Hz wave was in the range 5.5 to 
8 cms depending upon the particular current and pressure.
10
8
6 WIz
ie
4M
2
5.1 KHz
40 50 60 70 80 90
Fig 4 19 Distance from cathode (cms)
Coil signal: wave pattern for first harmonic, 6 KHz;
and lower satellite, 5.1 KHz. Pressure: 0.25 torr
current: 100 mA; -tjj =» 14 cms
The wave patterns obtained for the second harmonic and lower satel­
lite when the frequency of the lower frequency wave was 900 Hz and ^  was 
equal to 14-15 cm are shown in Fig.4,19.
For the wave patterns above, the spacing, t,, between adjacent 
maxima for the satellite frequencies is related to the spacing, , 
between the maxima of the appropriate frequency component of the striations 
and the spacing defined above, by
... (4.13)
The observed frequency spectrum and amplitude variations may be
represented as the sum of:
n — N n
Y sin |(nuj - Q)tj + sin j^ (na)^ - Q}t _ (nk^-k)xj ... (4.14)
Z-i 
n = 1
where o) , k^  are the fundamental frequency and wavcmunber of the waves
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in frequency range (t), and Q, k are the corresponding values for the 
•waves in frequency range (a). The occurrence of satellite frequencies 
implies that the phenomenon observed is different from simple linear inter­
ference of travelling -waves observed by several -workers^ ^^ ) . Tiie origin 
of the present form of interaction -will be discussed in Chapters VI, VII 
and VIII.
4.5.3 Characteristics of the Waves in Frequency Range (c) 
and their Coupling ^ith the Lover Frequency Waves
(a) Mode coupling
For currents of 130 mA
or less, in the absence of the
400 to 900 Ez oscillations,
mode coupling between the
striations, frequency range (b),
and the waves with frequencies
of tens of kilohertz, range (c),
was detected. The coupling
between a 32 KHz wave and the
striations is shown in Fig.4.20.
quencies of the striations.
32 HIz
10 HIz0 KIz
H
H
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Frequency (KHz)
Fig.4.20
Coil signal: spectrum of 32 KHz vave and satellites
Pressure: 0.3 torr; Current: 120 mA
The satellites are separated by the fre-
1 KHz
32
H
Frequency (KHz)
Fig.4.21
Coil signal: spectinim of 32 KHz vave and satellite
Pressure: 0.3 torr; Current: 62 mA
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When a 600 IIz wave was present, coupling was observed between the 
waves for all three frequency ranges to produce the complex display, Fig.
i
4,21. For such a case the discharge was unstable and a steady spectrum 
analyser display could not be obtained. |
Figure 4.22 shows the wave patterns obtained when the striations 
were mode-coupled with a 35 HEz wave. The 35KHz oscillation exhi­
bits no standing wave pattern but resembles the noise power diagram
obtained for a backward wave in neon. The satellites have standing
wave patterns in which the distance between adjacent maxima for a
given satellite is approximately equal to the distance for the corres­
ponding striation in the kilohertz range. In this case, the coupling may 
be represented by
i\= N
) cos j^ (üü±no)^ )t - kxj + cos à niw^ )t - kx Tnk xjj ... (4.15)
n = 1
where u) , k have the same meanings as before, and o), k now describe0 0
the wave in frequency range (c).
The change in the spectrum of the striations of frequency range 
(b) and the tens of kilohertz waves can be seen in Fig.4.23. At low 
currents the spectrum is noisy, the striations with frequencies in the 
range 1.5- 5.0 lülz camiot be seen, but there is a broad peak around 23 Mz. 
As the current is increased a discrete spectrum appears consisting of the 
fundamental and harmonics of the 2.5 lülz striation, the oscillation of 
23 laiz and harmonics, and the satellitesresulting from the coupling of the 
two oscillations. As the current is increased further, the amplitude of 
the satellite frequencies decrease as does the harmonics of the 23 KHz 
wave, until at 74 mA, although the 2.5 KHz striations are present and of 
large amplitude, mode coupling cannot be seen; there is only a broad peak 
around 23 KHz of diminished amplitude. No oscillations other than the
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.Pressure: 0.15 torr; Current: 64 mA.
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Coil signal: spectra for mode coupling between waves
in frequency ranges (b) and (c)
Pressure: 0.37 torr. Current: (a) 15 iilV, (b) 29 mA,
(c) 38 mA, (cl) 48 mA, (e) 74 mA, (f) 180 mA
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striations are seen upon increasing the current further, until at about 
180 mA. an oscillation -with a fundamental frequency of approximately 45 KIIz
w a s  seen.
and an amplitude comparable to that of the 23 KTTt: -wave at 29 mA;^  Mode- 
coupling is not seen at this current.
Using better frequency resolution it could be seen, Pig,4.24, that 
the change in 'shape’ of the amplitude versus frequency spectrum with cur­
rent for the mode-coupled waves of ranges (b) and (c) was due to a fre­
quency jumping of the higher frequency wave with current.
The asymmetry. Fig,4,23, of the satellite either side of the 23 KHz 
wave can be traced back to the amplitude versus distance curves. Fig,4,22, 
where it can be seen that the wave patterns for the upper and lower har­
monics show a similar variation, but a lag of one pattern relative to the 
other exists.
The mode-coupling of the waves appears to depend on the nature of 
the waves in range (c) and their variation with current. Their nonlinear 
or linear behaviour can be linked with the occurrence or absence of mode 
coupling,
(b) Characteristics of the waves in frequency range (c)
Two examples of the amplitude variation, as measured by the coil, 
with axial position are sho^m in Fig,4,25, The amplitude variation can 
be divided into two regions (three for some cases) in accordance with 
similar observations in neon discharges^^^^. In the first region the 
amplitude is constant or grows linearly. The second region is charac­
terized by an exponential groTvth of the amplitude which increases until 
reaching the third region where the amplitude saturates thenremaining 
constant, or decreasing with further distance from the cathode.
At a pressure of 0,37 torr and a current of 35 mA, a wave of fre­
quency 20 KIIz was detected. Fortunately at this frequency the wave-
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iH C.F.
1 Hl/
C.F
Frequency (KJIz)
1 KTÎz
C.F.
M
Frequency (KHz)(c)
iKfIz
C.F
Frequency (KHz)
1 KHz
M
(e) Frequency (KHz)
1 KHz
c .f ;
(f)
Fiff.4.24
Frequency (KHz)
Change of frequency of wave in frequency range, C (marked C) and 
its satellites. Pressure: 0.28 torr; C.F: Centre frequency 32 KHz; 
Frequency dispersion the same for all figures;
Current: (a^  32.5 mA, fb) 42 nuV, fc) 48 luA,
(d) CO imV, (e) 73 mA, (f) 91 mA,
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H20 30 40 50 60 70 80
Distance from cathode (oms)
Fig.4.25
Coil signal: amplitude variation of waves in frequency range, G;
(i) Frequency: 20 KHz; Pressure: 0.37 torr; Current: 48 mA.
(ii) Frequency: 23.4KHz; Pressure:0.35 torr; Current: 45 mA.
X 10-
0.4
V0.3
0.1
80 9060 705030 40
Fig.4.26
Variation of the spatial amplification 
coefficient Y with current
current (m.4)
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length could he measured hy triggering the oscilloscope -with the lower 
frequency waves. The wavelength at a current of 60 mA was of the order 
of 1cm. On other occasions this could not he done since the frequencies 
were not integrally related.
As the discharge current was increased up to 87 mA, the frequency 
of the wave remained approximately constant hut the amplification coeffi­
cient Y loi" the growth region reached a maximum and then decreased, Pig.
4.26, similar to the variation for backward waves in argon as observed 
( 2?)hy Sato^ The mode-coupling followed the variation already mentioned.
The characteristics, described above, of the waves in frequency range (c) 
suggest that they are backward waves,
(c) Variation of the frequency spectrum
The change in the frequency spectrum. Fig.4,23, can be related to 
the change in the amplification coefficient Y with current. The measure­
ments of Fig.4.26 do not correspond to the spectra of Fig.4.23, but the 
same trend was seen. At the larger currents when Y is small the fre­
quency is centred around 20 KHz, the amplitude is relatively small and 
although not sharp, the spectrum is not noisy. As Y increases with 
decreasing current, the spectrum becomes sharp and consists of the 20 KHz 
wave and the satellites due to mode-coupling; the amplitude of the satel­
lite increases. As the current is decreased further and Y passes through 
a value corresponding to saturation, the amplitude of the 20 KHz oscilla­
tion decreases and the line spectrum is replaced by a noisy spectrum, but 
still centred around 20 KHz.
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4.6 CONCLUSION
In the absence of mode-coupling it has been seen that the presence 
of the synchronous oscillations gave rise to a standing wave pattern due 
to linear interference. Consequently it was not essential to use a 
direct space-time display to obtain information on the moving striations.
Similarly, for the interactions between the waves, it will be seen 
that because of the presence of the synchronous oscillations, which gave 
rise to standing wave patterns, it was possible to interpret the nonlinear 
interactions between the travelling waves without* recourse to space-time 
pictures.
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CHAPTER V
EXPEPIMENTAli RESULTS OBTAINED WIIEN AM EXTERNAL ALTERNATING 
.VOLTAGE WAS APPLIED ACROSS TEE DISCHARGE
5.1 INTRODUCTION
Waves could be excited in the d.c. argon discharge by applying a 
sinusoidal voltage to the anode. Since the frequency and amplitude of 
these waves could be controlled by merely adjusting the controls of the 
voltage generator it was possible, in some cases, to easily reproduce and 
accentuate the linear and nonlinear effects described in the previous 
chapter, for self excited waves.
The method of superimposing an external voltage has been described 
in Chapter III. ¥hen the frequency of the applied voltage was within 10^  ^
of the frequency of the self-excited striations, the frequency of the 
latter was ' pulled towards the applied frequency with the result that the 
striations oscillated at this new frequency. If the value of the applied 
frequency was sufficiently far away from that of the self-excited stria­
tions, then moving striations and synchronous oscillations at both fre­
quencies were seen.
5.2 WA1ŒS EXCITED IN EREp.UENCY RMÏGE (b)
The standing wave patterns obtained from the coil signal for 
various values of applied voltage and a frequency of 5.2 KHz are shown in 
Fig.5.1„ In addition to the waves at this applied frequency, self­
excited waves at a frequency of 3.4 KHz were present in the discharge; 
their standing wave pattern is included in Fig.5.1 for comparison.
It can be seen that as the applied voltage was increased, well 
defined maxima and minima appeared in the standing-wave patterns. For 
an applied voltage of 16V peak-to-peak, the wave patterns for the extern­
ally excited wave and the self-excited wave are similar. Using the same
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considerations as in Chapter IV, it can he seen that the synchronous oscil­
lations had a larger amplitude than the travelling wave for all values of 
exciting voltage. ' '
The separation between maxima for the self-excited and artificially 
excited waves when the applied voltage was 22V peak-to-peak, was found to 
be approximately 20 cm and 16 cm for the 5.2 KHz and 3.4 KHz waves respec­
tively, indicating that the wave length increases with frequency - the 
characteristic of backward waves.
5.3 CHARACTERISTICS OF THE WAVES EXCITED IN
Tlffi LOIÆR FREQUENCY RANGE (a)
The waves were excited when self excited waves in the same fre­
quency range (a) were present. The variation in the separation of maxima 
for different applied frequencies is shown in Fig,5.2.
As derived in Chapter IV, the resonant frequency for synchronous 
oscillations is of the order of 1 KHz. The standing wave patterns may 
be due to linear interference of a synchronous oscillation and a travelling 
wave, or caused by velocity modulation of the travelling wave at the same 
frequency as the wave itself. For the latter case the velocity modulation 
would result in harmonics of the fundamental frequency of the wave appear­
ing on the spectrum analyser display. These harmonics were not seen 
experimentally which seems to rule out this interpretation. In any case, 
for both forms of interaction the spacing between amplitude maxima is equal 
to or proportional to the wavelength of the wave permitting a dispersion 
curve to be drawn, Fig.5.3. It can be seen that the waves have a backward 
characteristic since the wavelength increases with increasing frequency.
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5.4 GENERATION OF ’APPAJTOT» STATIONARY STRIATIONS 
AND ACC0NPANY3NG EFIECTS '
5,4.1 Observations
So far the linear interference, seen in Chapter IV, was reproduced. 
By suitably varying the discharge current and the exciting voltage, it was 
possible to change from linear to nonlinear effects as shown by the appear­
ance of 'apparent' stationary striations. Such patterns could only be 
obtained for the values of current and applied frequency shown in each 
figure below. If the current or frequency were slightly changed then the 
stationary pattern would flicker, and with further change there was no 
longer any nonlinear interaction between the applied voltage and the stri­
ations, so the discharge appeared homogeneous.
The photographs of Fig.5.4 show 'apparent' stationary striations 
which were seen when the external sinusoidal voltage was applied at the 
fundamental and harmonic frequencies of the self-excited striations. For 
the fundamental frequency the 'apparent' stationary striations which were 
not very pronounced, were separated by a distance equal to the wavelength 
X of the moving striations. When modulated at harmonics of the natural 
frequency (f) the spacings between the maxima were equal to X/n when the 
modulating frequency was nf, n = l,2,3, etc.
It can be seen in Fig.5.4(b) that when modulated at the first 
harmonic frequency, each 'apparent' stationary striation has a doublet 
structure: the head (cathode side) of the structure is followed by a less
intense more diffuse region of shorter length.
The standing wave patterns as measured from the photomultiplier 
signal and spectrum analyser are shown in Fig.5.5, when the frequency of 
the applied voltage was equal to the first harmonic frequency of the waves. 
The spacing between maxima for each frequency component is equal to V 2, 
the spacing expected for the first harmonic.
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(a)
r
m i m .
(c)
(a)
Cathode , i Anode
5 cm
Fig.5,4
The discharge as seen hy eye: Photographs showing the variation
in 'apnarent' stationary striations with exciting frequency. 
Pressure: 0,3 torr; Exciting voltage: 24 V; p.p: 84 üiA;
[n) Fundamental: 4,2 KHz; Current: 73 mA; (h) First harmonic: 6.9 EHz 
c) Second harmonic: 10.6 KHz, 90 mA; (d) Third harmonic: 12.8 KHz, 8o mA
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The standing wave patterns for the coil and photomultiplier sig­
nals for an applied frequency equal to the first harmonic frequency of 
the striations, are compared in Fig.5.6. The coil signal has the same 
spacing between maxima as the photomultiplier signal but the difference 
between maxiimun and minimum values of amplitude is much smaller than for 
the photomultiplier signal. This is in contrast to the results for the 
linear interference where it was seen that the variation in the coil 
signal amplitude was much more pronounced than that for the photomulti­
plier signal.
5.4.2 Space Time Display
A space-time diagram, Fig.5.7, obtained when 'apparent' stationary
striations, due to external modulation, were seen, reveals that for such
conditions the velocity of the striations varies periodically. For Fig.
5.7(a), the discharge was modulated at the fundamental frequency, whilst
for Fig.5.7(b), the frequency was equal to the first harmonic frequency.
The applied voltage was larger than for the previous figures. For the
fundamental frequency 'apparent' stationary striations were spaced Vs
apart. Examination of the space-time pictures shows that the velocity is
modulated at twice the fundamental frequency and may be represented by :
V = Vq + A sin 2«jfc ... (5.1)
where V = modulated velocity,
Vq = value of the unmodulated velocity,
A = constant,
CÜ = angular frequency of the fundamental wave.
5.4.3 Interpretation
Since the waves are nonlinear and so have a non-sinusoidal wave-
incremental
form' the average of their^light intensity component is not necessarily
zero, i.e. J  ^ ^
= J f(x-Vt) ^ 0  ... (5.2)
0
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A32 cm
32 cm
C • 
Distance
Time
(a)
I 1
0.2 msec
Fig.5.7
Space-time display for photomultiplier signal. Pressure: 0,46 torr; 
Current: 92 iiA; Applied voltage: 40V (p.p.); A: Anode; C: Cathode,
(a) Modulated at fundamental frequency 
(h) Modulated at first harmonic frequency
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where is the average light intensity and f(x-Vt) is a periodic
function describing the wave. In the absence of any variation in velocity,
i
is the same, or increases uniformly, along the discharge tube, and 
the light intensity from the discharge appears uniform to the eye. With  ^
velocity modulation, at those points where the striation slows down
will be larger than at those points where the velocity has increased. If 
the velocity is modulated at the same frequency as the wave, those points 
of increased I^^ will be spaced \ apart, and will appear as 'apparent’ 
stationary striations.
Returning to Fig.5.6, the difference in the wave patterns for the 
coil and photomultiplier signals, as compared to the case of linear inter­
ference, may be explained. The light intensity variations since they are
I
proportional to exp-0, where 0 is the electron temperature, are more non­
linear than the electric field changes 
and so their waveform is more non- 
sinusoidal as Fig.5.8 shows for the 
unmodulated discharge. Consequently 
when the velocity is modulated the 
variations in the average light inten­
sity along the discharge will be 
greater than those for the average 
signal from the coil.
0.2 msec
(ii)
Fig.5.8
Oscilloscope traces of (i) photomulti­
plier signal and (ii) coil signal wave­
forms for the self-excited waves. 
Pressure; 0.2 torr; Current:- 8 5 m A
5.4.4 Linear and Nonlinear Interactions
The above results show that by adjusting the current or frequency, 
it is possible to change from a state explicable in terms of linear inter­
ference between synchronous oscillations and travelling striations to a 
state where the synchronous oscillations are no longer excited, yet the 
travelling wave is modulated at the frequency of the applied voltage. In
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the latter case the coupling of the external voltage to the striations may 
be via the anode spots - regions of intense ionization containing a net 
positive c h a r g e ,
Several authors^ j^ ave shown that the anode spots are linked
with the movement of striations in the positive column and that the anode 
spot frequency can be a simple multiple of the striation frequency.
It is significant that although the synchronous oscillations are
of large amplitude, no nonlinear interaction between them and
was seen
the striations^ . The mechanism by which the striations are coupled to the 
anode voltage fluctuations, appears to exclude the simultaneous generation 
of synchronous oscillations at the same frequency.
5.4.5 Self-Excited Waves
The 'apparent' stationary striations described in Chapter IV, 
when there was no externally applied modulating voltage, may be explained 
in terms of velocity modulation in the same way as described in the pre­
ceding sections. A space-time display. Fig.5.9 of the coil signal for 
a self excited wave shows velocity modulation. 'Apparent' stationary 
waves were seen 7 cm apart. The results of the artificial modulation 
suggest that the observed doublet structure arose because the striations 
were modulated at the first harmonic frequency rather than the fundamen­
tal frequency.
5.4.6 Comparison of the Present Results 
with those of Other Authors
The space—time displays of the velocity modulated motion of the 
striations differ considerably from those obtained earlier by Stewart^  .
In his results the motion of the striations changed abruptly; for periods 
of up to 200 |is there were no striations moving in the discharge. Station­
ary striations were seen and interpreted as due to the interaction of
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A32 cm
V \ \ \
I— I
0.2 msec
Time
Fig.5.9
Space-time display for coil signal. Self­
excited wave, no applied voltage. 
Pressure: 0.44 torr; Current: 92 mA.
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'positive' striations - ions travelling from the anode to the cathode ~ 
and faster 'negative' striations consisting of electrons travelling 
towards the anode. Subsequently it was suggested^ ?) that the anode 
directed waves were not a separate phenomenon but could be explained in 
terms of modulation of the wave.
As far as the present results are concerned it has been shown that 
the 'apparent' stationary striations were due to velocity modulation. How­
ever, closer inspection of Fig.5.7 reveals that where a striation slows 
down, there is a much fainter, almost vertical streak, originating from 
this point and which moves at high speed, 10^  cm/s towards the anode.
As these lines are very faint, the space-time display is sketched in Fig. 
5.10, The magnitude of the velocity suggests that the anode directed 
'waves' are associated with electrons drifting in the electric field. For 
a field of 1.5 V/cm and a pressure of 0.46 torr, the data for argon^ ^^ ^
gives an electron velocity of the order of 10® cm/s.
In the absence of the external voltage, the waves in the discharge 
appeared as in Fig.5.11; there are no 'negative' striations. In these 
experiments, at least, the 'negative' waves appear as a consequence of the 
external modulation.
The anode directed waves described above, appear to be distinct 
from the observations of Jackson^^^^ where anode directed disturbances 
travelling with the same speed as the cathode directed waves, were seen.
As will be seen in Chapter IX, such disturbances can arise from 'self­
modulation' of the cathode directed striation.
- 115 -
gFig.5.10
Space-time display. Schematic of Fig.5.7(a) 
showing anode directed 'waves'
A
32 cm
I a
\
0,2 msec 
Fig.5.11
Space time display for photomultiplier signal. Para­
meters as for Fig.5.7. No externally applied voltage
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1 KHzM
3
5 KHz
frequency (KHz)(a)
5.6 COTJPIJNG OF TIIE SEIjF-EXCITED WAVES WTFI TIIE WAVES
PRODUCED BY THE LIXTERMLLY APPLIED VOLTAGE
6.5.1 Frequency of Applied Voltage j.n Frequency Ran^e (a)
The effect of applying a vol­
tage to the anode at a frequency of 
600 Hz is showi in Fig,5,12. For an 
applied voltage of 18 V, peak-to-peak, 
satellite frequencies appear either 
side of the 3.4 KHz striation, and its 
harmonics, spaced 600 Hz a^ vay from the 
appropriate frequency component.
With increased voltage modulation the 
first harmonic of the 600 Hz oscilla­
tion was seen and the spectrum became 
more complex as now there were two 
satellite frequencies spaced each 
side at separations equal to 600 Hz 
and 1200 Hz. The wave patterns of 
the coil and photomultiplier signals, 
when the applied voltage was 18 V, 
are shown in Fig.5,13.
The satellite frequencies retain the spacing between maxima of the 
component of the self-excited striation with which they are coupled, des­
pite the fact that the 600 Hz wave exhibits a standing wave pattern, at 
least for the photomultiplier signal. In this point these results differ 
from those obtained for the coupling of the purely self-excited waves. 
Chapter W. . The present case can again be explained by velocity modula­
tion in a similar way to the results presented earlier in the chapter for
the stationary striations.
An interpretation of the results will be given in Chapter VII.
5 KHz
Frequency (KHz)
Fig.5.12
Photomultinlier signal: spectra for mode coup­
ling. Pressure: 0.32 torr; • Current; 105 mA.
(a) No external voltage
(b) Applied voltage: 18 V (p.p.) 
Frequency: 600 KHz
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50 60 70 80
Pig 5 iVfa) Distance from cathode (cms)
¥ave pattern for coil signal for (i) fundamental frequency: 3.4 KHz;
(ii) Lower satellite: 2.8 KHz, and (iii) Upper satellite; 4 KHz. 
Current: 105 mA.; Pressure: 0.32 torr 
Applied voltage: 18V (p.p.); Frequency: 600 KHz
/ (iii)
60 70 80
TT \ Distance from cathode (cms)Fi?T.5.1o(h) '
As for Fig.5.13(a)
i) First harmonic frequency: 6.9 KHz
ii) Lower satellite; 6.2 KHz
iii) Upper satellite: 7.4 KHz
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5.6 CONCLUSION
25 KIlz
10 KIz
Frequency (JvHz)
5.5.2 Frequency of Applied Voltao-e in Frequency Range (c) 
Results obtained tvhen the fre­
quency of the applied voltage was 
equal to 30 Eîîz and the self-excited 
waves in this frequency range were 
absent are shown in Fig.5.14. For 
comparison the self-excited spectrum 
obtained at a slightly lower current • 
is shoim. In the former case there 
is hardly any coupling between the 
lower frequency striations and the 
30 IRÎZ waves as compared to the self­
excited case. Since the artificially 
excited case differs from the self­
excited case it was not pursued 
further.
25 KHz
10 KHz
(b) Frequency (lOIz)
Fig.5.14 
Frequency spectra for frequency 
range (c). Pressure: 0.34 torr;
Self-excited; Current: 90 mA. 
(b) Externally excited; Current: 
110 mA; Frequency: 25 KHz,
The results of this chapter have shown that velocity modulation 
of the striations may give rise to some of the effects seen in discharges.
Expressions which describe the modulation of a wave will be examined 
in the next chapter.
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CHAPTER VI 
MOPIÏÏATION OE A PLANE WAVE
6.1 INTRODUCTION
The well known sinusoidal expression used to describe a uniformly 
travelling wave can easily be extended to account for modulation of the 
wave. The characteristics of a general expression which includes modula­
tion of the amplitude and phase will be examined in this chapter.
The results obtained will be presented in the form of space-time 
diagrams and frequency spectra so that they may be compared, in the next 
chapter, with the experimental observations of the nonlinear interactions 
between waves. It should be emphasized, however, that the conclusions 
drawn in this chapter are general and do not apply specifically or neces­
sarily to striations.
6.2 REPRESENTATION OE THE HAVE
A travelling wave of constant amplitude and velocity may be repre­
sented by \|i(x,t) = A cos (ujfc-kx), where A is the amplitude, o) and k 
the angular frequency and wavenumber respectively. When periodic varia­
tions in frequency, wavenumber and amplitude occur, the expression may be 
generalized to :
\{;(x,t) = A(l + m sin pt) cos F(x, t) ... (6.1)
where F(x,t) is the phase of the wave, and
= uo(t) = uD + m^ ÇI CO s Qt ... (6.2)
— = k(x) = k — iDw. !C cos |{ X ...(6.3)ox ' ft
giving F(x, t) — ujfc — kx + m^ sin fi t + m^ sin Kx ... (6 « 4)
In the absence of modulation, m = m^ = m^ = 0 and ^{x,t) reduces to the
normal cosine expression for a travelling wave.
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6.3 SPACE-TIME DIAGRAMS
Experimentally, space-time diagrams represent the loci in time and 
position of the maximum values of some quantity related to the wave (e.g. 
light intensity). So, for comparison the space-time diagram may he found
in the absence of amplitude modulation from the loci of {^x,t) = A. When
amplitude modulation is included the method is essentially the same but 
with the addition that the changes in amplitude are superimposed on the 
velocity modulated loci as will be seen.
Without modulation the loci of )ji(x,t) are straight lines with
slope (jü/k separated from one another by the wavelength and time period
along the space and time axes respectively. Fig.6.1(a).
6.3.1 Phase Modulation
If the amplitude modulation is assumed to be zero, then Fig.6.1(b) 
shows the space-time diagram when m^ = 0 while Fig.6.1(c) shows the dia­
gram when m^ = 0. For self-excited striations which are not exactly 
sinusoidal, the wavenumber modulation will give rise to the ’apparent' 
stationary striations for any value of K , while for frequency modulation 
the occurrence of 'apparent’ stationary striations will depend on the rela­
tive values of U) and Q. For example, when Ü = nu), n is an integer,
they will be seen.
For simultaneous frequency and wave number modulation for arbitrary
values of Q and K the motion will be more complicated since in this case
the changes will appear to propagate in a complex way. Of interest is 
the case^^^) when ^ = | |  which is shown in Fig,6.1 for K = ~. The 
changes in the wave motion occur with an 'apparent' velocity directed 
towards the anode and equal in magnitude to |u/k| . The space—time dia—.
( is)gram while resembling those of Stewart et al^  does not reproduce the 
essential features.
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c Time > Time
Time— ^CTime
■ Fig.6.1
Space-time diagrams: (a) Unmodulated -wave;
(b) Frequency modulated; (c) ¥aveniimber 
modulated; (d) Simultaneous frequency and 
tvave-number modulation 
A: Anode , C: Cathode
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6.3.2 Phase and Amplitude Modulation
Simultaneous phase, P(x,t), and amplitude modulation are shoivn in 
Fig.6.2 when (a) the frequency of the amplitude modulation is equal to the 
striation frequency, (ju =p , and (h) the frequency of amplitude modulation 
is arbitrary. For the cases shown, and Q = u) in equations (6.2)
and (6.3).
The resultant space-time diagrams consist of the phase modulated 
pattern upon which are superimposed areas of decreased and increased ampli­
tude due to the amplitude modulation. For case (b) the regions of in­
creased amplitude give the appearance of a disturbance moving towards the
( is)anode, but a comparison of this diagram with observations' ' shows that 
the experimental results are different and cannot be explained by such 
modulation alone.
6.3.3 Phase Modulation ; Velocity Modulation 
by a Travelling Wave
The modulations represented in Fig.6.1 gave rise to velocity 
changes which occurred in the same positions along the discharge tube. 
Finally, the space-time diagram when the velocity modulation is of the 
form:
V =  V q  + cos(Qt-Kx), ... (6.5)
where ~ is the phase velocity of the unmodulated wave, is examined.
Such an expression can be obtained when
F(x,t) = ujb — kx + A sin(flt — Kx) ... (6.6)
since the velocity is given by
3t (A) + 0 A CO s ( n t — K x) /c '7^
velocity =  - ^  = Kicos(Qt-Kx) ' ' '  ^ ^
5x
= Vg 4- Vyj CO s ( Q t — K x)
when Q : ^ u o , K ^ k , A < l .
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c Time
Time
FiK.6.2
Space-time diagrams: simultaneous amplitude
and phase modulation; (a) Modulating fre­
quencies equal; (h) Frequency of amplitude 
, modulation arbitrary
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The resulting space-time diagram is shown in Fig,6.3. In Fig.
6.3(a), the continuous lines depict the motion of the maxima of the un­
modulated striations. The dashed lines show the loci of the maxima of 
VjjjCos (Qt- K x) for the case when K < uj/k .
The points where the two sets of lines intersect correspond to
the positions and times when V = Vq +V^ :^ the velocity has increased from
the unmodulated value to its maximum value. The positions of the 
maximum values of velocity are depicted in Fig.6.4(h). Similarly hy 
plotting the minima of cos(Ot - K x) the points where the modulated
velocity is a minimum can he found _ these are not shown in Fig.6.4(h).
.2-ttThe perturbations in velocity appear at successive intervals of time 
to approach the anode in steps of leading to an apparent velocity
where Ô k = c k K k- K , ÔUJ = c|((ju- O) ] , c is an unknown constant.
6.4 FREQUENCY SPECTRUM
Experimental results are often obtained in the form of a frequency 
spectrum display of the output signal from a detector which monitors the 
waves. This type of display represents the Fourier analysis of the out­
put signal and records the amplitude of the various frequency components.
6.4,1 Expansion of the General Expression 
for the Waves
The general expression which will he used is :
\|;(x,t) = A 1 + m sill (pt + cp) cos uufc-kx +Asin(pt- px)
.V. (6.8)
where the basic wave A cos((jufc - kx) is phase modulated hy the travelling
wave sin(pt- px) and amplitude modulated by the term sin(pt + cp) . - The
expression may he analysed by making use of the expansion :
00
c o s ( 6 + A s i n a )  = J (A)c o s0+ ^  jJA)[ c o s(9+ na) + ( - 1 ) “  c o s ( 0 - n a ) J  ,
n = 1 ... (6.9)
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where the J's are Bessel functions of the first kind. Terms at frequen­
cies iw ± np are generated hy the expansion of equation (6.8) using equa­
tion (6.9). The following expressions are obtained for the frequency
components W, W-p, m + p:
J^( A)cos(ujt-kx) - J^(A) ij^ sinEujt + cp- (k- p) x] + sin C(ut- cp- (k + p) x]J 
0)- P
- J^( A) cos j^ (uj-p)t - (k- p) X
- |j^(A)sin [(tjo-p)t- cp-kxj + J^( A) | sin[(u)-p)t + cp- (k- 2p)x |
U) + p
+ J^(A) cos [(uj + p)t - (k + p)xj + f Jq(A) sin |”(uJ + p)t + cp- kxj
- J C^A) ~ sin [^(u) + p)t- cp- (k + 2p)xJ
... (6.10)
The amplitude of the higher order satellites is assumed to be 
negligible compared with the above terms. In addition the JglA) terms 
in the above expressions can be neglected for the values of A^ 0.5 which 
are likely to be met. The amplitudes of the frequency components are 
then given by :
Frequency o) ^
[j 2(A) +Ïj J2(a) [l + cos(2px + 2cp)
Frequency uo- p
[j^ (A) + ^ J q(A) -mJ^(A) J^(A) sin (px+ cp) J ^  ... (6.11)
Frequency uu + p
|ÿ^ ( A) + ^  A) + m J^ (A) Jq (A) sin (Px+cp)J^
The expressions show that the amplitude of each frequency component
oscillates between maximiun and minimum values as x varies. For the fre—
2 tt
quencies (iU + p j UJ~p 1 the distance between consecutive maxima is  ^
whereas for the frequency Uü the spacing is Tt/p .
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In the absence of amplitude 
modulation, m = 0, or phase modula­
tion, A = 0, the amplitudes do not 
change with position and the ampli­
tudes of the frequency components 
0) ± p are equal, ’
Similarly if the phase varies 
with time only, P= 0, the amplitudes 
are not spatially dependent but the 
amplitudes of the satellite frequen­
cies uu ± p are not equal. As an 
example of the latter case, the 
resultant amplitude for different 
values of the phase angle cp is 
shown in Fig.6.4 for values of 
m = A = 0 . 5 .
6.4.2 Non-Sinusoidal waves
The expression for the modu­
lated wave may be extended to include 
non-sinusoidal waves :
(a)
Frequency
(h)
Frequency
(c)
Frequency
Fig.6.4
Frequency spectra for amplitude and phase 
modulation when p = 0, m = A = 0.5
(a )  cp= 0 ,  ir ,  2tî; (h )  cp = V s  ; (c )  cp = 3 t t /2
\jj(x,t) = ji^l + m sin (pt + cp) J G l^ ujt-k x + Asin (pt- px)J ... (6.12)
where G(ut-kx) represents an unmodulated travelling wave which is 
periodic but no longer sinusoidal. The resulting spectrum can still be 
found by first expressing G[ojt-kx+ Asin (pt - px)] in a Fourier expansion 
to give :
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G |ujfc - kx + A sin (pt - P
= sin l^ujfc - kx + 6^  + Asin (pt- x^)j 
r2uut - 2 kx + 0^  + 2Asin (pt- px)J+ Ag sin
+ sin IjM(ut-kx) + 0^  + NAsin(pt - ^ x)l ,
Following the same procedure as in the previous section, it can he 
seen that satellite frequencies U)±p, 2uj±p, 3o)±p, N(u±p, are 
produced either side of the fundamental frequency (jo and its harmonics 
2 0), 3 u), N ID .
For the frequency N u) and its satellites, the amplitudes may he 
found hy replacing A hy N A in the argument of the Bessel functions in 
equations (6.1l). The amplitude of each satellite frequency varies perio­
dically with a spacing between maxima of 2tt/^ while the amplitudes of 
the fundamental frequency u) and its harmonics vary periodically with a 
spacing of tt/P .
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c h a p t e r  VII
IMERPRETATION OP THE NOMLI^ IEAR. COUPLING BETWEEN 
THE WAVES IN THE ARGON DISCHARGE
7.1 INTRODUCTION 
The nonlinear wave coupling will now be interpreted in terms of
amplitude and phase modulation of the waves using the results of the pre­
vious chapter. However, it is first necessary to discuss several other 
effects which can give rise to multiline spectra. Following the inter­
pretation of the results, a physical mechanism for the coupling will be 
given.
7.2 GENERAL REI'IARHS
It has been seen that when there were interactions between the 
waves, the resulting frequency spectrum consisted of discrete lines except 
for the case when waves from all three frequency ranges were present. The 
frequency components resulting from the interactions were seen throughout 
the length of the positive column and yet at the same time there was no 
region where the spectrum developed into a broad frequency continuum.
This may be contrasted with the results in argon of Grabec^^®^ and those 
in neon, see Chapter X, where the initial line spectrum develops into a 
broad spectriun due to nonlinear effects. As mentioned in Chapter IV, the 
striations in frequency range (b) saturated close to the cathode end of 
the positive column due to the stabilization by energy losses. The fact 
that the spectrum, although multilined, did not degenerate into a broad 
spectrum suggests that the interaction between the waves took place in a 
’regular' way and that fusion and splitting of the striations did not take 
place. -
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7.3 POSSIBLE EXPLANATIONS FOR THE WA1Œ INTERACTIONS
7.3.1 Resonant Coupling
Three wave resonant coupling requires the following relations to 
he satisfied between the frequencies and wavenumbers
+ “2 '"s ’ ki + kg = kg ... (T.l)
with the possibility for a small mismatch. Shown in Fig.7.1 are the
different regions in the uj, k space occupied by the three groups of
waves which have been observed. For these waves the conditions (7.1)
leads to values of k^ which would give a different spatial amplitude 
variation from that seen experimentally.
cm
Ranfre
X
0.1 10 20 30 40 IvHz
Frequency
Fig.7:1
Frequency ranges of the observed 
Oscillations and Waves
Indeed, for backward waves having dispersion relations of the form
m.k. = C. these conditions will not be met as can be seen in the following, 
1 1 1
Suppose that the resultant wave due to the interaction of , k^ and
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2^ ’ ^ 2^ dispersion curve of uo^ k^  = C^ , then the resultant
k is given hy
3 ^ C,k2 + kjC; ^ k,^ k, .
Likewise for the interaction between a forward and backward wave resulting 
in a forward or backward wave, the condition (7.1) will not in general be 
satisfied, \
7.3.2 Excitation of Waves from a Single
Dispersion Curve
In the work of Ohe and Takeda^^^^ and Krasa and Pekarek^^^\ multi- 
line spectra were observed and it was found that the components of the 
spectrum had frequencies and wavenumbers which lay on a single dispersion 
curve. In the first case the origin of the spectra was attributed to the 
response of the positive column when the discharge current was modulated 
in phase and amplitude. In the second case it was suggested that the dis­
charge was 'pumped' by a synchronous oscillation, the frequency of which • 
was related to the frequency of the multiline spectra.
For the argon discharge, in the absence of mode-coupling between 
the waves in frequency ranges (a) and (b), the waves of frequency range (b) 
could be represented as
(A+ B sin kx) sin j^tijt + cp(x,t) ... (7.2)
due to the linear interference between the travelling wave of frequency w 
and wavenumber k and the synchronous oscillation at the same frequency, 
see Chapter IV.
If the results for the mode coupling were interpreted as due to the 
excitation of travelling waves belonging to the sipgle dispersion curve of 
the waves of frequency range (b), then it could be supposed, that the multi­
line spectrum, seen when the frequency range (a) wave was present, repre­
sented the response of the positive column when the discharge current was 
modulated at a frequency uo + Asinpt, where p is the frequency of the
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twaves in frequency range (a) , All the waves so generated would lie on a
I
single dispersion curve.
. i I
Experimentally it was seen that the additional frequency components 
which were generated hy the nonlinear interaction, had the same form of ' 
axial amplitude variation as the unmodulated waves as given above. Such 
a variation could then be due to the linear interference of a synchronous 
oscillation at the frequency p with a travelling striation at the fre 
quency uj- p and wavenumber k + 6k . The resulting amplitude variation ! 
would vary as sin(k+ 6k) x and since the striations are assumed to belong 
to the same dispersion curve o)k=C, the distance d between adjacent maxima 
would be given by d = X(l- £) where X is the wavelength at frequency (jo. 
Using the data from Eig. 4.18(a), for example, p = 600 Hz, (jo = 2.6 EHz,
X = 16 cm , the spacing d is equal to 12 cms in contrast to the experimen­
tally observed value of 8 cms.
When an external voltage was applied, both the upper and lower 
satellites had the same spacing between maxima, contrary to the conclusions 
of the present interpretation.
Similarly, for the interaction of the waves in frequency range (c), 
and the waves in range (b), the observed amplitude variation is not consis­
tent with the supposed form of interaction since d would be of the order 
of 1 cm, the wavelength of the waves of range (c).
It may be concluded that the effects seen in the argon discharge 
were not due to the excitation of waves from a single dispersion curve.
7.3,3 Excitation of Virtual Waves
Another possibility is that the waves observed at the sum and dif­
ference frequencies are a result of forced modulation from nonlinear terms 
of the form n^ )^ 0^ ^^  where n, 0 are the electron density and tempera­
ture of the waves, see Chapter VIII.
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The resultant waves formed hy two waves and , k^ would
have frequencies ^ k.^ = k^ j: k^ obtained from the product
0(^ )n(^ ) and are termed virtual waves.
Although such an explanation may be given for the wave interactions, 
it will be seen that velocity modulation is the likelier effect.
7.4 INTERPRETATION OF THE mVË INTERACTIONS :
AMPLITUDE AND PHASE MODULATION
It will now be shown that the experimental observations for the 
mode coupling can be interpreted in terms of phase (velocity) and ampli­
tude modulation.
From the time-averaged spectrum analyser results of Chapters IV 
and V it is not possible to differentiate between virtual wave excitation 
or velocity modulation. However, the arguments of Chapter VIII show that 
the discharge is likely to be more stable to velocity modulation than to 
virtual wave excitation, and so the former is more probable. In addition 
the observations of section 7.4.2(d) support velocity modulation. Both 
interpretations require that there is no nonlinear interaction between 
synchronous oscillations and travelling striations..
7.4.1 Summary of Nonlinear Results
For convenience the experimental results to be explained are 
summarised below.
The interaction between the self-excited waves of frequency ranges
(a) and (b) produced satellite frequencies spaced either side of the funda­
mental frequency of the wave in range (b) and its harmonics. The amplitude 
of the lower frequency was larger than the amplitude of the corresponding 
upper satellite. For the fundamental frequency, the amplitude of the 
lower satellite was much smaller than tie amplitude of the fundamental fre­
quency. The relative amplitudes for the harmonic frequencies increased
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so that, in. some cases, the satellite amplitude was almost as large as that 
of the corresponding harmonic frequency.
The axial variation in amplitude of the fundamental wave and its 
harmonics was not altered hy the mode-coupling, while the amplitude varia­
tion seen for the satellite frequencies was related to the amplitude 
variations of the waves in ranges (a) and (h) . For some values of current 
the second order satellite frequencies were seen hut their amplitude was 
too small to measure any variation.
In the case of the interactions between the waves in ranges (c) and
(b) the upper satellites, as well as the lower, were easily seen. The 
satellite frequencies on either side of the waves in range (c) were spaced 
at frequency intervals equal to the frequency of the wave in range (b) and 
its harmonics* The amplitude variation of the upper and lower satellites 
was directly related to the variation in amplitude of the corresponding 
lower frequency wave.
When an external voltage was applied at the same frequency as the 
self-excited striations in range (b) 'apparent' stationary striations due 
to velocity modulation were seen for certain values of discharge current. 
Upon reducing the applied frequency to correspond to the same value as 
the frequency for the self-excited waves in range (a), mode coupling was 
seen with lower and upper satellites about the fundamental frequency in 
range (b) and its harmonics.
The amplitude variation of a satellite frequency, unlike the self­
excited case, was essentially the same as that for the frequency component 
to which it was coupled.
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7.4,2 Interactions of the Waves in Frequency
Ranges (a) and fh)
The fact that when the externally applied electric potential was 
of the same frequency as the striations in range (h), the latter were 
velocity modulated, suggests that at other exciting frequencies velocity 
and amplitude modulation may have produced the observed effects.
(a) Amplitude variation of the coil signal
Since the waves in frequency range (b) were periodic but non— 
sinusoidal, the appropriate expression to represent simultaneous amplitude 
and velocity modulation, of the form V = sin (pt - px) may be found
from equations (6.7) and (6.8). It was seen in Chapter VIII, that perio­
dic amplitude variations proportional to sin px are obtained for all the 
satellite frequencies.
For such modulation the amplitude of the frequency components 
UJ, 2o), 3uj, ... , vary as cos 2px which is contrary to the experimental 
observations. If however for the travelling wave there is no amplitude 
modulation, m = 0, then the desired frequency components are still obtained 
but the unwanted amplitude variations are removed. However, for such a 
case none of the amplitudes vary spatially. At this point the role of 
the synchronous oscillations must be introduced.
The considerations in Chapter TV which showed that moving stria­
tions become nonlinear for relatively small perturbations in the electron 
temperature applies equally for sjnichronous oscillations. Polman has 
shown, for example, how the time averaged value of the electron density 
is influenced by nonlinear effects when the applied current modulation 
is still small (Chapter II).' As the linear interference between the 
travelling waves and the sjnichronous oscillations has shown, (Chapter FV), 
the synchronous oscillations consisted of a fundamental frequency and 
harmonics.
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The general expression to describe amplitude and phase modulation 
of a synchronous oscillation is found from equations (6.7) and (6.8) by 
putting k = 3 = 0. The resulting frequency components o), lu ± p have 
amplitudes given by :
1
Frequency m
[Jq (A) + ^ J^(A) [l+cos2cp]J^ ... (7.3)
Frequency m ± p
[j^ (A) +^Jq(A) ± m J^(A) J^( a) sin cpj^  . ... (7.4)
The satellite frequencies for harmonics of oü can be found from 
equations (7.3) and (7.4) as explained in Chapter VI. It is assumed that 
higher order terms with frequencies uD±np, n=2,3,4 are small enough 
to be neglected which corresponds to the majority of experimental observa­
tions when such frequencies were not seen in the spectra.
By themselves neither the modulated moving striations nor the 
synchronous oscillations provide the desired amplitude variation of the 
frequency spectra components. However, taken together they provide just 
the variation which is sought. '
The modulated synchronous oscillations give rise to a spectrum of 
the form: N
I  +cPjmJ
n= 1
Bj^'sin[(nuj+p)t+ cpg^ j
... (7.5)
and similarly the velocity modulated striations result in a frequency spec­
trum
n = 1
) C^ sin j^ (nuu- p)t _ (nk - p)xj 
=
+ sin j^ (nu)+ p)t - (nk + p)xj
... (7.6)
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where the amplitudes ^  ke found from equations
(7.3) , (7.4) and (6.6).
The resultant amplitude of a synchronous and travelling wave com­
ponent at a given frequency gives rise to a periodic variation in amplitude 
as can he seen, for example, hy taking the components A^ sin (w- p)t , and 
l^ (ty-p)t - (k- P)xJ| giving a resultant amplitude
V A^ + + 2ABC0S (k- ^  ... (7.7)
which corresponds to the experimental observations for the spatial varia­
tion in amplitude, (section 4.52). Likewise the amplitude variations 
for the frequency components 2uj-p , 3 w -p , etc, give the desired spacing 
between maxima in the standing wave pattern.
(b) As:\mmietry of the frequency spectra
The difference in amplitude for corresponding upper and lower 
■ satellite frequencies - the latter amplitude was much larger - is not due 
to the velocity modulation of the travelling wave which would give rise to 
equal amplitudes for both satellite frequencies. Rather the asjomietry is 
due to the modulation of the synchronous oscillation and the difference in 
amplitudes is determined by the value of the phase angle cp . For given 
values of m and A, when cp = 270° the amplitude of the component at 
UU-p is maximum, while that for the frequency 0)+p is a minimum, see 
Fig.6.4.
The spectra resulting from various values of A and cp= 270° has 
been calculated from equations (6.6) for synclu-onous oscillations. Fig.7.2. 
The amplitudes of the fundamental frequency and its harmonics, in the ab­
sence of modulation, have been chosen arbitrarily. The asymmetry of the 
satellite amplitudes is apparent. Another feature seen is the way in 
which the relative amplitude of the satellite frequency 2uo-p and the 
first harmonic 2o) is larger than the corresponding ratio for the fundamen­
tal frequency uj and smaller than that for the second harmonic 3o).
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(a)
A (b)
I
Frequency ■pO
A
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(a)
(F)
A
Frequency (f) 
Fig.7.2
Amplitude and phase modulation of a synchronous oscillation
shows fundamental and harmonics
A =z 0, 2 , m = 0.5
A= 0.6 , m = 0,5
A = 0.7 , m = 0.5
(a) Unmodulated: 
(h) cp= 270°,
(c) cp = 270°,
(d) cp = 270°,
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Similar variations in amplitude as those described above for syn­
chronous oscillations were seen experimentally for the frequency spectra 
from the pick-up coil signal. This implies that the synchronous oscilla­
tion amplitude components at the satellite frequencies were as large or 
larger than the corresponding amplitudes of the moving striations. Such 
is the case in Fig.4.18(a) for the lower satellite frequency where the 
amplitude of the synchronous oscillation Agg is larger than the ampli­
tude of the travelling wave component at the same frequency B^g : —
Amplitude Synch. Osc. at Satellite Frequency______~^ SS _ q 3
Amplitude Travelling Wave at Satellite Frequency ” B^g “
For the fundamental frequency the relative amplitude of the synchronous 
Cgp and the travelling wave is given by
CAmplitude Synch. Osc. at Fund. Frequency _ SF _ ^
Amplitude Travelling Wave at Fund. Frequency “ ~ 7
Rearranging the above expressions gives
®TS ^SS
^TF ^^SF
(7.8)
An alternative expression for the ratio of the travelling wave amplitudes 
at the satellite and fundamental frequencies is given by
derived from the expansion of sin(ujfc-kx+ A sin(pt- ^ x)) , see section 
6.4.1.
By using limits for Agg/Cg^ obtained from Fig.7.2, the value of 
A and hence the extent of the velocity modulation can be estimated. Taking
1 .^SS . 2
q(A) ^
27 = jJET 27
which gives 0.05 ^ A ^  0,15.
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The values for A give a velocity modulation between 5 to l5^ o 
which is consistent with the view that the interaction is due to 
'intermediate' nonlinear effects rather than fully developed turbulence.
The corresponding amplitudes for the coupling of Fig.4.18(c) are:
to give D J (36)
resulting in A 0.1.
In the above examples for the variation of the coil signal, the 
amplitude of the sjuichronous oscillation at the lower satellite frequency 
was less than twice as large as the amplitude of the corresponding travel­
ling wave. Consequently the depth of modulation in the standing wave 
pattern - the difference between the maximum and minimum values divided 
by the mean value - was pronounced as Fig,4.18 shows.
(c) Amplitude variation of the photomultiplier signal
The lack of spatial amplitude variation for the photomultiplier 
signal may be understood using the arguments of the previous section. For 
the same velocity variation and relative amplitude of the synchronous oscil­
lations at the satellite and fundamental frequencies as for the coil signal, 
the ratio of the amplitudes of the travelling wave and the synchronous oscil­
lation at the lower satellite frequency is given by
^  = 1 ^  ...(7.10)
SS SF
where the symbols have the same meaning as before but now refer to the 
photomultiplier signal.
An indication of the value of the ratio may be obtained
from the results of Chapter IV where the computed and experimental wave 
patterns showed that D^^Cg^, =- 5 when the amplitude of the synchronous
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oscillation as measured with coil was about five times larger than the 
corresponding amplitude of the travelling wave, that is,
(coil) .
^TF
SF
For the examples of mode-coupling given in section 7.4.2(b) the
ratio D
^  (coil) > 1 :
SF
the travelling wave had a larger amplitude than the synchronous oscillation, 
Since the photomultiplier signal is proportional, approximately, to the 
coil signal (section 4.2.5) the ratio ^TF/Cgp (photomultiplier) is propor­
tional to ^TF/Cgp (coil) and will be greater than five in this case.
In Chapter IV it was seen that the above ratio
Amplitude of the travelling wave for the fund. freq.(D^ p)
Amplitude of the Synchronous for the fund, frequency (Cg^ )
is equal to Ak/m where k is the wave number, A and m are quantities 
related to the coil signal and represent the amplitude of the travelling 
wave and the space dependent part of the amplitude of the synchronous 
oscillation respectively.
In Fig. 4.18(a) there is little variation in the minimum values of 
the amplitude of the wave pattern at the fundamental frequency which im­
plies that m«l and so Ak/m»l leading to (photomultiplier) » 1
and ^TS/Agg (photomultiplier) » 1. Consequently the depth of the wave 
pattern, for the satellite frequency, obtained from the photomultiplier 
signal and equal to ^SS/s^g will be relatively small compared to that 
for the coil signal. The reason why the amplitude variation was more 
easily detected with the coil is thus explained.
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(d) Space—time display for the argon discharge
As mentioned in Chapter III, the light intensity from the argon 
discharge was insufficient to record the space—time display photographic— 
ally; this was one of the motivations for making use of the interference 
with the synchronous oscillations. However, subsequent to the experiments 
described in this work, observations were made on an argon discharge of 
the same dimensions by the author, while at the Institute of Physics 
Prague, The tube was filled with spectroscopically pure argon at a pres­
sure of 0.3 torr and then sealed.
Using a rotating-mirror, the space-time picture of the discharge 
could be seen by eye. I\vo ionization waves of different frequencies and 
wavenumbers corresponding to the waves of frequency ranges (a) and (b) 
were seen,. The synchronous oscillations were absent as there was no large 
condenser in parallel with the discharge and the operational current range 
of the tube was only 20-60 mA owing to problems with the cathode. As the 
current was increased, linear interference was seen near the cathode and 
then progressing from the anode, velocity modulation of one wave by the 
other similar to Fig,6.3 was seen.
Although these visual observations cannot be directly related to 
the main results of the present work, they do add support to the proposed 
interpretation.
(e) Modulation by the externally applied voltage
The spatial variation in amplitude of the satellite frequencies 
when an external voltage was applied to modulate the self—excited waves 
in frequency range (b) cannot be explained in exactly the same way as for 
the purely self-excited case. Mien the frequency of the exciting voltage 
was in range (a) the spacing between maxima at the satellite frequencies 
was equal to that of the corresponding frequency component of the self 
excited waves in range (b).
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If in equations (6,8) m=0, 0 , then the required spacings are
found. This form of modulation requires the moving striation to he velo­
city modulated hy a time dependent term only ^ rather than hy a travelling 
wave type of expression. This form of velocity modulation has already 
been seen when the applied frequency of the applied voltage was equal to 
the striation frequency (Chapter V).
The effect of the exciting voltage applied to the anode is to 
modulate the velocity of the self—excited waves in frequency range (b) and 
to generate synchronous oscillations and travelling waves at the applied 
frequency. The amplitude of the travelling waves excited at the applied 
frequency is insufficient to influence the motion of the moving striations 
in contrast to the equivalent coupling between purely self-excited waves. 
This difference may be due to the fact that the externally excited travel­
ling waves in frequency range (a) were generated outside the current- 
pressure regime for self-excitation, and so it is to be expected that they 
would be damped and of relatively small amplitude compared to the synchro­
nous oscillations which were excited close to the resonant frequency for 
the discharge.
7.4.3 Interaction Between the Self-Excited Waves
in Frequency Ranges (b) and (c)
The travelling waves in frequency range (c) were not accompanied 
by synchronous oscillations and so the preceding explanations of the wave 
patterns of the satellite frequencies in terms of interference between 
synchronous and travelling wave components is not applicable.
However, simultaneous amplitude and velocity modulation of the 
waves in range (c), by the travelling waves and synchronous oscillations 
of frequency range (b) give the required spectra and amplitude variation. 
Such an interaction may be represented in its most general form by :
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C^sin(nu;t-nkx)] cos [c*- px +  ^ "u-t. sin („o:t-„,,x)
n = 1 . _
... (7.11)
The term È ^ mj^ sinnujt within the phase expression for the waveS
n = 1
can refer to either the synchronous oscillations within the discharge or 
the anode voltage variations. The results of earlier sections have shoim
that synchronous oscillations and travelling waves do not appear to inter­
act nonlinearly. For' the present results to he consistent with this view
N
requires that B^= 0 and that the term 2 ^  m^ sin nut refers to the 
anode voltage oscillations which generate the synchronous oscillations 
rather than the synclironous oscillations within the discharge. This is 
similar to the situation seen in the previous section.
The travelling wave expression cannot appear in hoth the phase and 
amplitude of the wave since the nonlinear interaction would need to he of 
the third order in the perturbed quantities, that is, proportional to 
(n(^))3 where n^ ^^  is the perturbed charged particle density, and as 
will be seen in Chapter VIII the nonlinear interactions are of only the 
second order.
So, the interaction may be expressed as
N N
Ja + ^  C^sin(n ujt-nkx)Jcos Px + ^  m^ sinnojfcJ ... (7.12)
n = 1 n = 1
or N
A cos [cet - px + ^  m sin^ uot + m^'sinr(at-kx) , ... (7.13)
n = 1
Expression (7.12) represents velocity modulation of the wave in 
range (c) with virtual wave generation, while expression (7.13) represents 
velocity modulation of the wave by the anode voltage changes and the travel­
ling wave.
Both expressions will give the desired amplitude variation for the 
frequency components cc i nu) , n = 1 , 2 , 3 , ..., namely :
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2E^F^sinnkx ... (7.14)
^n ’ ^ n  ^  ^’ where the constants F^ and F^ are determined from 
the expansions of (7,12) and (7.13) and involve Bessel functions of the 
first kind. For the frequency components oc- U), a+ u), for example, 
there is a phase lag between the peak values of amplitude in agreement 
with the experimental values.
As mentioned at the beginning of section (7.4), of the two mecha­
nisms, virtual wave excitation or velocity modulation, the latter is the 
more likely and so equation (7.13) is to be preferred to (7.12).
7.4.4 Conclusion
Owing to the presence of the synchronous oscillations and their 
nonlinear modulation it has been possible to interpret the nonlinear inter­
actions between the travelling wave striations as due to velocity modulation.
The expressions used to describe the interactions predicted the dis­
crete line spectrum and showed that the velocity modulation was relatively 
small, in keeping with the interpretation that the effects are not due to 
fully developed turbulence. In general when nonlinear striations are not 
stabilized, the initial nonlinear mode coupling will degenerate into irre­
gular motion as the results of Chapter X will show.
A physical picture which describes the behaviour of the striations 
when the nonlinear effects are not fully developed will now be described.
7.5 PHYSICAL MODEL FOR ¥AiH]-COUPLING
The 'collision' of striations can produce amplitude and velocity 
modulation, see Chapter II.
The most nonlinear waves in the discharge were the striations of 
frequency range (b). The velocity of these waves was an order of magni­
tude larger than that for the waves of range (a) and several times larger
■ ;
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than the velocity of the waves of range (c) . So, it was possible for a 
faster striation to catch up with a slower wave and 'collide' with it.
!•
This kind of collision differs from that described by Grabec for the case 
of only one wave type. For this latter case the average velocity of each 
striation is equal and the striations are deflected rather than actually 
colliding when they encounter each other.
For the present results, since one wave was inherently faster, it 
would overtake the slower striation and actually 'pass through it'. The 
problem arises as to what would actually happen in this interaction region. 
The effect of such a collision would depend on the degree to which the two 
waves were nonlinear: the extent of their double structure, that is, the
variation of electron temperature and density through each wave. If the 
decrease in electron temperature of the faster striation upon approaching 
the region of the minimum electron temperature in the slower wave was not 
too large, then the corresponding amplitude or velocity changes would not 
be so large and a regular space-time pattern could still be retained.
In the qualitatively similar case of the collision of ion acoustic 
solitons such a situation exists^^^^. For solitons travelling in the same 
direction the interaction is repulsive and the collision process resembles 
that described by Grabec for striations. Solitons travelling in opposite 
directions interact 'attractively' and cross one another and collide. 
Despite the fact that the interaction is a highly nonlinear process, the 
solitons take on precisely their old shape after colliding. Such colli-
f 71)sions have been observed experimentally . The idea of striations 
retaining their 'identity' is further supported by the view that nonlinear 
striations can be approximately treated as particles^
So, the coupling in the argon discharge was intermediate between 
the linear case, where the striations could co—exist at the same point to 
produce linear interference and the turbulent nonlinear case where
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destruction and creation of striations could occur. The effect of one 
striation upon the other was sufficient to modulate but not annihilate.
Another way of looking at this modulation is as a form of 
'Luxembourg Effect'. bTien a striation travels through the discharge 
its velocity is characterised by the properties of the discharge medium. 
Mien the medium is homogeneous the velocity is uniform. If the medium is 
inhomogeneous then it is to be expected that the velocity may change.
The presence of a second oscillation^ , not necessarily a striation, changes 
the properties of the discharge sufficiently so that the striation now sees 
a non-uniform discharge and its velocity is changed accordingly.
As with the Luxembourg effect, the wave perturbing the medium can 
be localised and so need not exist throughout the tube. For example the 
perturbation could be provided by anode fluctuations or changes occurring 
at the boundary between two wave tjpes.
The modulational effects described for the moving striations above 
will be obtained from a modified form of the Pekarek equation for stria­
tions, in the next chapter.
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CHAPTER VIII
THE EXTENSION OF LIMEAR THEORY TO 
DESCRIBE NONLINEAR EFFECTS
8.1 INIHODUCTION
By retaining nonlinear terms in the diffusion equation for ioniza­
tion waves, expressions will he derived which describe some of the 'inter­
mediate* nonlinear effects seen in previous chapters.
The basic equation is just the ambipolar diffusion equation for the 
charged particles with the addition of an ionization term given by :
[z(0^ + A9) - Z(eJ j N  ... (8.1)
Vi
where Z — constant X exp --g- is the number of ionizing collisions per 
second for an electron temperature 8^  (eV) and ionization potential V^  
(volts); A0 is the change in electron temperature, and N is the charged
particle density (N= = InT^) ,
Owing to the exponential dependence of Z on electron temperature, 
the ionization term is nonlinear for large enough deviations in electron 
temperature.
Grabec^^^), solved the diffusion equation taking full account of 
the nonlinear ionization term. His results for argon predicted the broad 
turbulent spectrum and irregular motion of the striations.
By using the first nonlinear term from a series expansion of Z , 
expressions will be obtained which predict discrete multiline spectra of 
the form seen in the argon discharge and in the initial evolution of tne
mode-coupling in the neon discharge, see Chapter X,
The results describe the intermediate state of the striations when 
their amplitude is large enough for the linearised theory to be inadequate, 
but not large enough to warrant the use of the full nonlinear equation.
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8.2 EXTENSION OF Tim LINEAR EQUATION
The ionization term may he expanded in a Taylor series :
[z(9^ +A0) - Z(9^)JN = [z'A9 H- ...j (No + n),
1 I 1 . . .  (8.2)
A B C
where , 0^  are the charged particle density and electron temperature of 
the uniform discharge; 9^ and n are the corresponding deviations,
38
SZ r,„ Ô^ z /Vi- 28o\
' A2
nr r/28 - 2V.V ,V. - 20 \2-.
- • ( - v ^ i  J*' •
The values of the terms A , B , C in equation (8.2) are shown in 
Table 8.1 for various values of A0/0^  for an argon discharge with 0^  = 3 eV 
and = 15.8 eV . The expressions for Z, Z/, Z"' etc, assume that the 
electron gas has a Maxwellian distribution function.
TABLE 8.1
RE1ATI1Œ VALUES OF THE COEHEICIET^ TS IN TEE EXPANSION OF Z
A8 A 1 B
in units of Z
C
0.05 0.15 0.012 0
0.1 0.3 0.049 0.0025
0.2 0.6 0.196 0.02
0.25 0.75 0.306 0.039
0.3 0.9 0.54 0.0675
0.4 1.2 0.8 0.16
0.5 1.5 1.22 0.312
It can be seen that for ^ 0.1, only the term A , which gives
(23)
the linear terra Z'A0Nq , need be retained. According to Grabeo'- \ non­
linear effects become operative when = 0.19, in the present case.
0^ 1
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For the purposes of the present work only the first nonlinear term
Z'n A0 will he included in the otherwise linear equation. The next non- 
g/// A0) ^
linear term  ^ will give rise to similar effects as the first term
since they are both of the same order in the perturbed parameters, and AS
is proportional to n . As only a qualitative description is sought, the
rj n f aq2'
term —  2—  ^0 included.
The equation to be considered is
D 3^  N
#  = + Z' A8N. + Z' A8n ... (8.3)
which is just the linear equation for ionization waves plus the nonlinear 
term Z' AS n. As defined earlier, section 2.4.1, Dg is the ambipolar 
diffusion coefficient and x is the distance as measured from the anode. 
The other symbols have been given above.
Such a simple extension of the linear equation cannot be used to 
describe the nonlinear evolution of a self excited wave. In such a case 
the spatial amplification coefficient a is of the order of 0.1, which 
means that the values of AS and n proportional to exp ax will increase 
rapidly in the cathode to anode direction as Table 8.2 shows.
TABLE 8.2
VALUE OF exp gx FOB, VALUES OF g (POSITIVE 
......  BECAUSE X IS MEASURED FROM CATRODE TO ANODE ,
Amplification 
Coefficient g
Di
10
stance from Cathode x 
20 1 30 1 40
cms
50
0.001
0.01
0.1
1.01
1.1
2.7
1.02 
1.22 
7.38 .
1.03 j 1.04 
1.34 1 1.49
20 54
.1.05
1.64 ^ exp cc X
The theory can only describe those situations where A0 and n 
remain relatively small as may be the case for the early development of the 
nonlinear effects or when the nonlinear waves have been full stabilized and 
their values of A0 and n effectively lowered.
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8.3 GEMljlRATION OF ITAIMONIC TERMS
It can easily be seen how harmonics of the fundamental wave may 
arise if a series solution for N and 0 is assumed, that is :
N = N^ + + n(2)(x,t) ... n(”)(x,t)
0 = e„ . 0(1) (x,t) + 0(2) (x,t) + 0(3) (x,t) ... 0(^)(x,t)-
where and 0^  are the steady state values and n^^^(x,t) and @(^ (^x,t)
are the order perturbations.
Substituting expressions (8.4) into equation (8.3) gives the first 
order equation:
■^"^^■■(■^’1) - D .5.!n(l) (x, t)  ^z/e(l)(x,t) N . ...(8.5)
at ^ 3x^  ' o
It is now assumed that n^^^(x,t) and 0^ ^^ (x,t) are the parameters of
the fundamental wave and that
n(^^(x,t) = n^e^^sin(uut-kx). ... (8.6)
Inspection of (8.5) shows that 0^^\x,t) will vary as
0^ ^^ (x,t) = 0^e^^ sin (ujfc-kx + <p) ... (8.7)
where 00+2gkD.
tan (p = -------- ... (8.8)
1 N„Z
y [((f+ k^)^I^+ uo(4gkl^ +iu)j . ... (8.9)
The second order equation is :
( ^ 1  _ D _ Z'0^^ (^x,t) N = Z^ 0(^ ) (x,t)n(^ ) (x,t)
at A ax'^  ®
... (8.10)
The right-hand-side of equation (9.12) acts as a source term which, due to 
the product n/^)(x,t) 8^ ^^ (x,t) is proportional to
l^coscp-cos(2ij jt -2kx+cp) J .
For the equation to be satisfied e(^ (^x,t) must be proportional to
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2 OCX *~16 COS cp - cos(2uüt - 2kx + cp)J
■whilst n(^)(x,t) will be proportional to e^°"^cos(2u)b-2kx +cp+p) where
p is the phase difference between S^ ^^ (x,t) and n^^^(x,t). Thus, the
first harmonic in particle density and electron temperature is generated. ' 
Higher order equations will give rise to source terms proportional to
e^ ^^(x,t) n(l)(x,t) , e^ ^^ (x,t) n(^^(x,t) , 8^^\x,t) n(l)(x,t) 
which will produce higher harmonics of the fundamental frequency. These
I
equations show how the harmonics are generated; the full expansion for Z 
must be used to derive the complete set of harmonics.
8.4 RELATIVE VALUES OF ELECTRON DENSITY AND TEMPERATURE
It is useful to obtain some estimate of the relative values of
for values of ^  so that the magnitude of the nonlinear terms can be found, 
o ,
From equation (8.9) for a« 1 , k < 1 and Dg ^ o), 6^ , is given by
... (8.11)n UÜI = —=—
N„Z'
,(65) V1Von Engel's expressions' ’ for Z and exp give
0
1 _ iLhisJlf-E . ... (8.12)
2 ®o 9A2V2
where R is the radius of the tube, in cms , p is the gas pressure in 
torr, Ag and c are constants which for argon are equal to 71.10  ^ and 
4 . 10"^ respectively.
Substituting the above values and expression gives
G. n
~  —  3.10"^ (A), p . ... (8.13)
0 *0
The relative values of 8^ /0^  and n^/n^ for the striations in 
frequency range (b) at 0.3 torr and uu = 2 tt . 4 . 10 rad/sec are shown in 
Table 8.3;
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TABLE 8.3
RELATIVE VALUES OF ELECTR.ON TEMBERATURE AI>JD DENSITY FOR 
THE STRIATIONS IN FREQUENCY RANGE (b)
Go
2i
*0
0.002 0.0088
0.01 0.044
0.02 0.088
0.1 0.44
0.15 0.665
0.2 0.88
0.3 1.32
0.4 1.76
8.5 NONLINEAR INTERACTIONS BETWEEN TWO WAVES
If one considers the simultaneous occurrence of two waves, then it 
is to be expected that the nonlinear term in equation (8.3) will generate, 
in addition to the harmonics of each wave, new frequencies and wavenumbers 
due to the cross-products of the terms representing the two fundamental 
waves.
Representing the changes in the electron temperature and density for 
the fundamental of each wave by 0^ (x,t) , n (^x,t) and ^^ (x^ t), ng(x,t)
respectively, equation (8.3) becomes :
3n (x,t) 3u (x,t)
1 ^ —  = D.
3t 3t
+ D
3^ n^ (x,t)
5x^
3^ n^ (x,t)
3x^
+ z\B^(x,t)
+ Z'n^(x,t)0^(x,t) +Z^B^(x,t)n^(x,t)
+ Z \ @ 2(x,t) + Z'n^(x,t)0^(x,t)
+ Z'0^ (x,t) n^ (x,t).
... (8.14)
For small amplitude waves the nonlinear terms can be neglected and 
equation (8.14) represents the addition of two separate diffusion equations 
which describe the waves n (^x,t) and n^ (x,t) respectively.
When the nonlinear effects are operative the two equations become coupled.
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The nonlinear terms in equation (8.14) can he related to the physi­
cal model discussed in Chapter VII. The term z'0^(x,t) n (x,t) expresses 
the influence on wave 1 of the perturbation in ionization, due to wave 2, 
while the term Z^ 0^(x,t) n^(x,t) describes the corresponding effect of ’ 
wave 1 on wave 2. The coupling of the equations shows that there is a 
mutual interaction between the two waves. Ignoring the term Z^ 0^ (x,t)
t) which will produce the first harmonic of wave 1, the equation for 
n^(x,t) is :
Bn (x,t) d^ n (x,t)
—  =Dg ^^+Z^N^0^(x,t)+Z'S^(x,t) n^(x,t). ... (8.15)
8.6 NONLINEAR INTERACTIONS : VIRTUAL WAVES
One solution of equation (8.15) can be found if the fundamental 
components for n^ (x,t) and 0^ (x,t) are represented by
n (x,t) '= n sin (ojfc-kx)
 ^ ... (8.16) 
0g(x,t) = 0^  cos (pt - px)
The nonlinear term acts as a forcing term to produce virtual waves 
at frequencies U) ± p and wavenumbers k ± p. The term 'virtual' is 
used in the sense that uu ± p and k ± p are not related through a dis­
persion relation. As noted in Chapter VII, such waves are not due to a 
resonant interaction.
For the virtual waves to propagate the discharge must oscillate at 
unnatural modes 0) ± p , k i p  which do not lie on either of the disper­
sion curves for the fundamental waves. The discharge will be unstable
and frequency jumping may result^^^^ The virtual waves will be damped 
at a rate appropriate for an ionization wave at the frequencies li) ± p .
In the next section it will be shown how the discharge can accommo­
date the two waves in such a way that the resulting changes in frequency 
and wavenumber are relatively small enabling the waves to propagate at fre­
quencies and wavenumbers close to the optimum values.
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In so far as the harmonics of the fundamental frequency do not lie 
on the dispersion curve for the self-excited waves, they are virtual waves. 
Yet they differ from the waves described above in that the discharge often 
remains stable when harmonic frequencies are present, and the harmonics are 
of large amplitude rather than damped waves.
These differences may be related to the fact that the harmonics 
travel with the same velocity as the fundamental wave and may be thought 
of as lying on virtual dispersion curves of the form :
(wn)(kn) = n^C , = na ... (8.1?)
where iwn , kn and g^  are the frequency, wavenumber and amplification 
coefficient of the n harmonic, and uuk = C is the dispersion relation 
for the fundamental wave which has an amplification coefficient g .
When the harmonics have grown sufficiently, they can lead to an 
unstable discharge due to the generation of waves at harmonics of the wave­
number or frequency which lie on the original dispersion curve, (A 2) .
8.7 NONLINEAR INTERACTIONS ; PHASE MODULATION
If two waves can interact nonlinearly so that their resultant wave­
numbers and frequencies are only slightly changed, then the discharge will 
be more stable than for the excitation of virtual waves. Such an inter­
action may be achieved if the effect of the waves is to phase modulate each 
other. This form of modulation is equivalent to velocity modulation and 
is consistent with the interpretation of the experimental results in argon.
The effects may be derived as follows. ' In equation (8.15) let
n (x,t) = n sin U , S (x,t) = 0 sin (U + cp) ... (8.18)
«here  ^  ^ *
U = u ) t - k x + A i  cos (p t - P X + a,)0 0 -L o O 1
is the phase of wave 1 which is modulated by an expression proportional to
* Here g^  is used to denote a phase angle.
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the unmodulated expression for wave 2. The value of 9^ is equal to its 
unmodulated value. The generalised expressions for the frequency and wave­
number are given by
and (8-19)
(p^t- + ap
Substituting equation (8.18) into equation (8.15) gives : 
n^cos “ ^ ±1^ 0 (Pg^  + a^-px)^
= - D sin U + Z 0 . sin (U + cp) a 0 0 1 ' ^
+ Z ^ n^  sin U (x,t) ... (8.20)
where for simplicity the value of k in the term
B^ n (x,t)
D
 ^ Bx^
has been put equal to k^. This is justified on the grounds that is
assumed to be <1 and that the characteristics of the ionization wave are 
determined by the ionization tei*m. The omission of the full expression 
for k does not alter the results qualitatively.
Since a mutual interaction takes place, the corresponding expressions 
for wave 2 are ;
n (x,t) = n. cos (p t - p x + A^  cos ('ju t - k x + a_))
2 2 O 2 O O 2'/ (g 21)
02(x,t) = GgCos (p^t- p^x+ A, cos (w^ t - k^x + g^ ) + T|)
Assuming that A^  is small, 0^ (x,t) can be represented in equation 
(8.20) by its unmodulated form.
For the assumed solutions to be satisfied, like temporal terms on 
the right and left-hand-si des, must be equal. For the frequency o)^ the 
condition reduces to the linear equation, while for the frequencies 
the equations lead to values for A^  and g^. Using equation (8.11) for
6 leads to n
\  “ n” ’ tan g^  = tan iq . ... (8.22)
0
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In the same way the equation for n (x,t) gives
2
n
2^ “ N ’ ~ 2 * ... (8.2o)
o
T^he physical quantities which were measured for the waves in argon 
were the oscillating components of the emitted light intensity and the 
electric potential which are proportional to the changes in ionization rate 
and electron temperature respectively. Therefore, the emitted light inten­
sity will he proportional to Z'n^0^ , and Z'n^S^ for wave 1. The rela­
tive magnitudes are given by :
for wave 1, and for wave 2
Z'0,Nj =
'Vl'
Z'®2“ll = 1 “2 1k  Nj “il ... (8.24)
1 “l“o 1
V '
z'e^ Nol = 'Po"2 1
=
1 1 ... (8.25)
I®,! = 1 1 -
N„Z'u
If wave 1 is taken as the striation in frequency range (b), and wave 
2 as the wave in frequency range (a), then u)^ 6 p^  and n^ > n^ . The
expressions for wave 1 will be larger than those for wave 2.
In the experimental studies however, the signals proportional to
the electric potential were Fourier analysed and the components at the
satellite frequencies (A) ± p observed. The magnitudes of the amplitudes
of @i(x,t) and 0 (x,t) at frequencies U) ± p are given by
n U)
A = jAmplitude of 0^ | = —y ...'(8.26)
o 2
,^ 2 P.
A^ = [Amplitude of Bgj = Ijy- ^  ^ ' ***
An order of magnitude estimate with = 0.1 and A^  = 0.6 gives :
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I 0.6 X 6 p
= I------- — 0.05
Z'
iPo
A = -y 0.1X0.3
2 Z'
6.O X  0.03 p^
—  ... (8.28)
z'
0.03 p
 ■ ... (8.29)
which means that the modulation of wave 1, the striation in frequency range! 
h , gives the larger terms at the satellite frequencies in accord with the 
interpretation of the results in Chapter VII, where a value of = 0.1 
was found. The value of A^  was taken as an upper limit.
For wave 1 the frequency and wavenumber are given by :
U) = %  + Po sin (p t - p X + a )
° ° ° ° 1 ... (8.30)
k = ko + A^  Po sin (p^ t - p^ x + a^ )
which since A. 0.1 remain close to the unmodulated values U) , k and 
•*- 0 0
the wave suffers no additional damping.
The corresponding frequency and wavenumber for wave 2 are given by :
... (8.31)
P = Pg + Ag sin (uu^ t - k^x + a^ )
P = P + A- k sin (o) t - k X + a )
O 2 O ' 0 0 2
Since u) 6 p , the deviation of p from p will be consider-0 0 o
able even for moderate values of Ag . As the frequency p begins to de­
viate, the damping terms appropriate to ionization waves at the frequency 
p will come into play. Since the waves at frequency p^  are observed, 
despite the damping, the net effect of the latter must be to keep p and 
p closer to p^ and p^  than the above expressions suggest.
If in the above derivation the amplification of the waves had been
*
included, then the A’s would have been proportional to exp gx . This
shows that the changes in the frequency and wavenumber would increase with 
distance from the cathode and for large enough changes might lead to an 
unstable discharge.
* This g is not to be confused with g^ ,^ OL which are phase angles,
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It should be remembered that for argon the theory derived above is 
qualitative. More complete expressions which, however, would tend to 
obscure the physical picture of the interactions, would be required in order 
to obtain quantitative results. j
The expressions derived in this chapter deal only with the stria­
tions (phase velocity) rather than the 'stratification wave' (group velocity)
1
and so give no insight into anode-directed disturbances. By including an | 
equation to describe the continuity of 'wave energy' it will be seen in the 1 
following chapter how such disturbances may arise.
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CHAPTER IX
variational METHODS AND THEIR APPLICATIONS 
TO IONIZATION WAVES
9.1 INTRODUCTION
A novel approach in predicting the nonlinear behaviour of ioniza­
tion waves is to use the variational methods developed principally by 
IVhitham to determine the propagation of nonlinear water waves , T^ig 
approach is suggested by the fact that water waves and striations often 
exhibit similar features. For example, the turbulent state of the posi­
tive column due to random ionization waves, is similar to the case of non­
linear Stokes waves.
The results obtained give information on the motion of the stria­
tions and are similar to those obtained from the computations of Grabec.
9.2 GENERAL THEORY
For a conservative system the most simple travelling wave solution 
is of the form :
u = a e
where 0 = kx-UJt + a
and B0 , B0■^ = k , âJ=-U)
and the amplitude a , frequency oj, and wavenumber k , are constant. A 
dispersion relation of the form O) = üi)(k) relates uy and k . The group 
velocity Buo/Bk is the propagation velocity of the wave energy, and the 
phase velocity uo/k is the velocity at which a particular crest travels.
A continuity equation for the conservation of wave 'crests' is given by
H  ...'(9.1)
assuming that waves are not created or destroyed.
The aim of Whitham's analysis was to obtain equations describing 
the motion in the case where a , uo, k vary slowly in time and space, that 
is over one time or space period the changes in a , U), k are relatively
- 161 -
small. Ill this case o) and k are defined in the same way and the dis­
persion relation is still satisfied.
1
Whitham's method consists of using the variational principle ,
 ^JJ L(u  ^, u^ , u) dt dx = 0 j
from classical mechanics, where L is the Lagrange function and is equal 
to the kinetic energy minus the potential energy. The non-varying solu­
tion obtained is of the form
u = U(8)
where 8^  = k , 0^  =- u), 0 = kx- o)t-a are constants and the solution
U(0) brings in another constant A which is equivalent to the amplitude, 
so that
l (°) =L(-u)Ug , kUg, U) . ... (9.2)
To find equations for (jo, k , A when they are allowed to vary, an 
'average Lagrangian' is used
2it
£(u), k, A) J L(-ii)Ug,kUg,U) d9 ... (9.3)
0
in terms of the constant parameters o), k , A . It is then assumed that the 
slowly varying functions no, k ,A satisfy the variational equations given 
by the 'averaged variational principle';
Ô JJ £(u), k , A) = 0 .
The variational equations are then
ÔA : ^  = 0 ... (9.4)
a 5%60 ; YUJ - = 0 .
Ot ÔX
Further, from linear problems it is found that <£ = G((A)j k)a^ , where a 
is proportional to the amplitude, so that the above equations give :
G(u), k) = 0 ... (9.5)
and
° ' ... (9.6)
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The first of these equations gives the dispersion relation for
UJ and k whilst the second expresses the conservation of wave action,
and is an equation connecting m , k and a .
Equation (9.6) can he put in the form:
I t  * 's = 0 ••• (9-7)
where C(k) is the group velocity
Bud _
9.3 NONLINEAR EFFECTS
To include nonlinear effects, additional terms must he added to 
the expression Y :
jù = G(uD,k) a^ + Gg (uD ,k) a'^ . ... (9.8)
This is equivalent to adding an amplitude dependent term in the dispersion 
relation
UD = li^ (k) + UDg (k) a^ ... (9.9)
where
These equations are valid for moderately small amplitudes and do 
not account for any higher order dispersive effects. The nonlinear equi­
valent of equation (9.1) is:
II+ “o W  If + “2^  ° ...(9.10)
and the linear form of equation (9.7) is still used to give :
Tt + ^  + ll/'(k)a2 H  = 0 . ... (9.11)
In these equations terms which would provide corrections of relative order 
a^ have been omitted.
These two equations which are now coupled, may be solved by the
method of characteristics (see Appendix A.l) to find the changes in k and
a . These changes in a and k will propagate along paths defined by :
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dt
and they are related in the following way :
A
~  = lUg(k) I {u)gU)g(k)] a ... (9.12)
1 fo
2 V(k)3
dk ±da = 0 . ... (9.13)
For the linear case the equations give the usual result that k
and a propagate with the group velocity.
9.4 APPLICATION TO IONIZATION WAVES
For backward ionization waves the expression for the dispersion 
relation G(uj,k) is given most simply by:
G(o),k) = uuk - c = 0 ... (9.14)
where c is a constant. So uu^ (k) is given by - , i.e. - uu/k and
o k
uuj(k) is given by ^ . In determining the sign of UU^ (k) it is neces­
sary to appeal to experimental results and the computation work which show 
that UD decreases, that is UD^ is negative, as nonlinear terms become 
effective. In this case it can be seen immediately from equation (9.12) 
that the velocity of propagation of the changes is complex, which implies 
that the wave train is unstable. In this case solutions for k and a 
must be found in the form :
... K W
ip(x-CT) a = a + a. e ^o
and it is further found that C is just the characteristic velocity given
by equation (9.12). So, a and k will be proportional to:
( UDg,UD^) ^ a t i |i[x - UD^ (k) T ] 
e e .
Clianges in a and k will appear to move towards the anode with the group
velocity, which in this case is equal to the phase velocity in magnitude.
The striation may be expressed as :
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[% • - I ' " : "  ( V  - [»o‘ - 1.. « . p.”*
... (9.16)
where r
k. — “01
So, a modulational instability is obtained in agreement with 
Grabec's results. Obviously as k and a grow in time, this simple 
analysis would break do^ vn since, for example, the terms neglected ini­
tially would have to be retained, and the generation of harmonics due to 
the growth and other stabilizing effects would have to be included in the 
equations.
Bearing these limitations in mind, the results obtained can ex­
plain the experimental observations of ‘disturbances' travelling towards 
the anode with the group velocity. In Fig.2(a) of Erasa et al, (j. Phys. 
D, J7, 2541 (1974), see Appendix A.2) the space-time display is given for 
an s^  type wave in neon for the case where the nonlinear effects are 
only effective near the anode, such disturbances are easily seen.
If a in equation (9.16) is assiuned to be small enough so that 
exp at is approximately constant for the time that the solution can be 
used, or the time taken for the wave to travel the length of the tube, and 
using the fact that
ÏT = Bk = " T1 o
the expression for the waves becomes :
j^ a^  + a^ cos(uü^ t + k^ x) J cos [ u^t- k^x + p sin(u)^ t + k^ x) J ... (9.17)
where the exp at has been absorbed in the constants; the particular 
cosine/sine dependence has been chosen for convenience and the fact that 
the disturbances travel in the opposite direction to the waves has been 
taken into account.
- 165 -
Expanding in terms of Bessel functions and neglecting terms of 
the order of a ^ (p) gives:
a J ( p) cos(uj t - k x) o o  ' o o
+ i(A [cos(w^ + wjt - (k^-k^)xj
® 1*^0 ( r 1
+ ---2- [_cos(uj^  + uD^ )t - (k^  - k^)xj ... (9.18)
- i( P) [cos(u)^ - 0)^ )t - (k^+k^)xj
a^g(^) r -|
+ ---2- - (^ o '
If the modulation is at the same frequency as the wave, then 
U)^ = UO^ and k^ will equal k^  .
Erom the above expression it is seen that a time independent com­
ponent of the wave pattern with a spacing of X/2 is seen. As pointed
out by Grabec, this readily explains the apparent stationary striations.
As noted earlier, modulations of the form exp i (ut-kx + 3 sin UJt) also 
give such ‘stationary* striations with the difference that the spacing is
equal to \ . Such differences in the form of modulation, give a reason
(41)for the different spacing seen experimentally by various authors' '.
9.5 INTERPRETATION OF WAVE COUPLING RESULTS IN ARGON
In the argon discharge, the coupling of the waves in frequency 
ranges (a) , (b), has been attributed to velocity modulation and the stand­
ing pattern as due to the linear interference between the time modulated 
synchronous oscillation and the modulated travelling wave. This pheno­
menon is distinct from the nonlinear modulational instability just des­
cribed but the question arises as to whether the results can be explained 
in terms of the linear interference of synchronous oscillations and the 
nonlinear modulational instability of the travelling wave.
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For example, if it is assumed that synchronous oscillations are 
present at frequencies ± then from equation (9.18) it is found
that the standing patterns will have spacings of (L) given by
... (9.19)
where the minus corresponds to (sura frequency) and the plus to
%  " (difference frequency). Since —  = this gives :
sum
o
o
^difference ... (9.20)
where f is the frequency. From the experiments, f^ is smaller than
f and so o
L ,. _ _ X  ^Ldifference 0 sum
which does not correspond to the experimental results where > X^  .
It may be concluded that the nonlinear modulational instability is not 
responsible for the coupling.
9.6 LINEAR EQUATIONS APPLIED TO AN IMIQMOGENEOUS MEDIUM
The equations derived so far were for a homogeneous medium. If 
an inhomogeneous medium is considered then even in the linear case, u), k 
amd a will change with x and t . Equation (â.l) is now given by
B¥ Big 
Bt  ^Bk Bx
M
Bx ... (9.21)
where uj = W(k,x,t).
In this case changes in k and a will propagate with a velocity
, where k is found from , and k and a themselvesBk ’ dt ox '
will change along these trajectories (in contrast to the case of the homo­
geneous medium). So, as with the nonlinear case, the changes propagate 
towards the anode.
However, the motion of a particular crest will be given by
0 = constant = kx - ¥(k)t , that is : ~ .
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This case of an inhomogeneous medium can he used to describe, in 
the simplest approximation, the interaction of two wave types. It is 
assumed that one wave travels through the medium which is non-homogeneous 
due to the presence of the other wave. Then u) would be of the form 
00 = W^(k) + VT) ^ where the exponential term describes the wave
which perturbs the medium and which travels towards the cathode.
The wavenumber would be given by
. .  M . i m ,
so that the velocity of a crest is given by:
_-W„(k).W k,
k o 0
since the theory requires k^ « k^  , then
K ( K )  W'(kJ(k"-kJO' O' O' O'
+“ k " k 
0 0
+ ^  ^  ... (9.22)
0 0 o o
It can be seen that the basic phase velocity is modulated by a travelling
wave term due to the perturbing wave. For this case, a nonlinear effect
is obtained from the linearised equations in contrast to the earlier
B¥results. This is due to the fact that the term is included only
because one wave is sufficiently nonlinear to affect the medium.
The two-wave interaction considered in Chapter VIII, corresponds
to the condition: . , ,\
0) = ¥ (k ) + ¥ e^^^^ 3o' o 1
that is, the modulated frequency does not necessarily lie on the original 
dispersion curve. For this case, the deviation of k from k^ is 
found from : ■ .
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lif _ A w  in(z-vt)
3t - 3x'*l ®
and changes moving towards the anode are not found.
It has been seen that the variational methods are capable of 
predicting various nonlinear effects. The results of the next chapter 
will show all of these effects occurring in a single discharge.
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CHAPTER X
A GENERAL DESCRIPTION OF THE MODE- 
, COUPLING BETWEEN STRIATIONS
10.1 INTRODUCTION
The model used to account for the mode-coupling in the argon dis­
charge described the interaction as a nonlinear process intermediate 
between the linear and fully nonlinear cases. Such regular velocity modu­
lation can describe the effects observed for striations in other gases as 
will be shown for results obtained from a neon discharge by the author and 
a former colleague at the Institute of Physics, Prague, Earlier me asure- 
ments^^^'^^) could have been used, but the results below have the advan­
tage that they combine simultaneous space-time and spectrum analyser 
displays. The results show how the regular modulation occurs at a certain 
stage in the nonlinear evolution of the waves.
10.2 RESULTS FROM A NEON DISCHARGE
The space-time diagram display, obtained from a rotating-drum 
camera, and the spectrum analyser displays of the signal from a photo­
multiplier at different positions along the tube, are shown for a neon 
discharge in Figs.10.1, 10.2, and Appendix A. 2. The tube was 80 cms in 
length with an internal diameter of 0.99 cm, and was filled with spectro­
scopically pure neon.
TSfo slow waves (metastable-guided) with frequencies of 6.8 EHz and
4.3 KHz are seen belonging to the first resonance (the long ‘s ^ ' wave) and 
the second resonance (the short ‘p ' wave). From the space-time display 
only the short, p variety, is seen in the first 10 cm from the cathode.
The corresponding spectrum analyser signal, Fig.10.2, shows the presence 
of the faster wave which is of small amplitude. At 14 cm from the cathode, 
both s' and p waves have approximately equal amplitudes, and slightly
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Fig.10.1
Rotating drum (single SAveep) photograph 
of the neon discharge at I = 19 mA
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pronounced peaks corresponding to sum and difference frequencies are seen. 
Within the region 14-18 cms from the cathode, a transition from one wave 
type to the other takes place. The actual boundary position changes with 
time which causes mis-matching and collisions of the two wave types giving 
rise to annihilation of striations, and 'dislocations’ which propagate as 
actual disturbances towards the anode. The velocity of propagation is 
approximately equal to either the group velocity of the s' wave, where 
this wave is dominant, or the group velocity of the p wave where this 
is dominant.
On the cathode side of the transition region, and extending to 
within about 7 cm of the cathode, the p wave is velocity modulated in a 
regular way as described for the argon discharge. Near the cathode end 
the modulation is slight but it increases with distance from the cathode.
At a lower current setting, where the space-time display exhibited the same 
features, the frequency spectrum for this interaction was more distinctly 
resolved showing that the combination frequencies are those obtained from 
the nonlinear interaction of the s ^ and p waves, that is the differ­
ence frequency, f^;-f^ = 2.5 KHZ, and the summation frequency, f ^ + f^  =
11.1 KHz, see Fig.10.3.
On the anode side of the 'transition boundary' the frequency spectra 
become continuous with the central peak occurring near the frequency of the 
s' wave. Fig.10.2(c). Further along the column towards the anode, the 
wave motion becomes irregular exhibiting jumps in the phase velocity. The 
creation and disappearance of the wave crests are observed. Near the 
anode the spectrum is smooth and continuous, Fig.10.2(d), with its maximum 
at 5.8 KHz lying between the frequencies of the two fundamental waves.
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10,3 ■ GENERAL DISCUSSION OF MODE COUPLING
BETWELE TWO IONIZATION WAVES
The interaction of tivo "waves, which do not Belong to the same dis­
persion curve, will he governed hy the principle of linear superposition 
so long as both waves are of small amplitude^ ^, Only the fundamental 
frequencies will he seen on the spectrum analyser display.
When the amplitude of one, or hoth, of the waves is large enough, 
the first nonlinear effects are seen: these may he the generation of |
virtual waves due to amplitude modulation or the intermodulation of the 
phases to give regular velocity modulation of the phase velocity as des­
cribed hy equation (6.5),
If the virtual waves have frequencies or wavenumbers well away from 
those of the fundamental waves, then phase modulation is the more likely of 
the two processes. This is because the values of the resulting frequen­
cies and wavenumbers will be close to the optimum values when the amplitudes 
of the waves are still relatively small. The initial cathode region of the 
neon discharge is thus described.
As the amplitudes of the waves increase, corresponding to the 
’transition’ region above, the velocity modulation will increase and the 
variation in frequencies and wavenumber may no longer be small. The dis­
charge will become unstable in this region for several reasons: since the 
waves are of comparable amplitudes the discharge at this point can accom­
modate both wave^types equally well, which, when combined with the destabi­
lizing influence of the phase modulation, is likely to lead to mode jump- 
f 3l)ing'- ' between the two wave types. In addition the velocity modulation, 
due to phase modulation, and the mode jumping make it possible for a 
'repulsive collision', of the type described by Grabec^^^\ to take place 
between the two wave types as is clearly seen between 15-20 cms from the
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cathode in Fig.10.1. It is these 'collisions' which lead to the anode 
directed disturbances with a velocity close to that of the p wave.
For the neon results the p wave ceases to grow after 18 cms and 
the s ^ wave which continues to grow, is the dominant wave in the rest of 
the discharge. As the wave amplitude grows the nonlinear self-modulation 
effects, Chapter IX, become noticeable. Variations in amplitude and 
velocity are seen; anode directed disturbances moving with the group 
velocity of the s^  wave are observed. Further interactions between these 
anode directed disturbances and the cathode directed striations take place; 
further modes are excited and anode directed wave packets, short in space 
and time, are produced to give a frequency spectrum which is quite conti­
nuous near the anode end of the discharge.
If in the above example both waves had continued to grow, then the 
regular velocity variation would have still broken down and the nonlinear 
'self-modulation' effects for both waves would have given a broad conti­
nuous spectrum.
Where a definite but varying 'transition' boundary exists between 
two wave types, the effects seen at the boundary will depend on whether a
foilsmooth transition from one wave tjqje to the other can be achieved'* ^,
When the overlap region for the two waves is small, then it may be possi­
ble for one wave tjq>e to branch out into two waves of the other variety 
with a minimum of velocity variation^^^),
If both waves are stabilized to give, in the absence of the other 
wave, a uniform velocity, see section 2.8.4, then the interaction of the 
waves is likely to give rise to regular modulation of both waves, A 
rotating drum camera may, however, only detect the modulation of one of 
the waves if the relative amplitudes of the two waves are considerably 
different,
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The change from a discrete multiline spectrum to a hroad continuous 
one may thus he explained as due to the different nonlinear effects which 
become effective as the wave amplitude increases. In the argon discharge, 
the waves were fully stabilized or of relatively small amplitude so that 
full turbulence did not develop and the interactions were restricted to 
regular velocity modulation. The results for the neon discharge were of 
a more general nature: besides the ’first order' nonlinear effects, other
effects which would require the higher order nonlinear terms to be retained 
in the equations of Chapters Vlll and IX were seen.
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CHAPTER XI
C O N C L U S I O N
The linear interference between the self-excited synchronous oscil­
lations and the travelling striations in frequency range (b), provided an 
easy way of obtaining the characteristics of the striations. It is inter­
esting to see that the synchronous oscillations and the striations, both 
of large amplitude, did not interact nonlinearly: when the striations
were velocity modulated, in the purely self excited case and when an exter­
nal voltage was applied, synchronous oscillations at the same frequency 
were not seen.
The modified theory for the synchronous oscillations while agree­
ing qualitatively with the results, does not account for the way in which 
the striations interact with the anode and cathode regions to produce the 
voltage oscillations which in turn produce the synchronous oscillations.
The influence of the regions of the discharge bounding the positive column 
has been seen by other authors in the case of anode spot interactions with
striations^ b r a n c h i n g  effects^^^^, feedback mechanisms^^^^ and
( 3llmatching conditions^ »
The influence of the anode and cathode regions on the positive 
column requires a separate study. This would most likely prove to be a 
difficult task since even for the unperturbed discharge, an adequate 
explanation of the cathode and anode regions has still to be found.
By applying the external voltage it was possible to simulate"the 
'apparent* stationary striations seen in the purely self-excited case.
The space-time display showed that the effect, which was nonlinear, was 
due to velocity modulation of the wave at its fiuidamental frequency or 
harmonics of this frequency. The 'doublet' patterns which were seen
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corresponded to modulation at the first harmonic frequency. In addition, 
the external modulation gave rise to 'disturbances' moving towards the 
anode with speeds much faster than the striations. Similar disturbances 
have been reported by other authors but the present results show that these 
anode directed waves are a consequence and not a cause of velocity modula­
tion. In some cases such disturbances have the same speed as the stria­
tions and may be due to the nonlinear self-modulation of the striation, as 
described in Chapter IX.
The waves in frequency range (a) were shown to have a backward 
nature while the characteristics of the waves in range (c) suggested that 
they too were backward. Theoretically only backward waves would be expec­
ted in the discharge.
From the time averaged measurements it was possible to establish 
the nature of the mode-coupling interactions between the waves in the 
different frequency ranges. By using expressions representing the modula­
tion of the waves, the degree of velocity modulation, 5-15^, was estimated 
from the wave patterns of the satellite frequencies. Such relatively small 
changes in velocity would have been difficult to estimate from a rotating 
drum photograph. The time-averaged results, which made use of the pre­
sence of the synchronous oscillations to give standing wave patterns, 
afforded a convenient method of measurement for the argon discharge. In 
general, however, it is preferable to have both types of measurement - 
space-time displays and frequency spectra - so that any ambiguity can be 
removed. For the argon results, the visual observations using a rotating 
mirror supported the proposed form of interaction.
A consistent explanation of the interactions between waves in 
frequency ranges (a) and (b), frequency ranges (b) and (c) was given in 
terms of regular velocity modulation. This form of modulation gives rise
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to discrete multiline frequency spectra and describes the initial nonlinear 
effects or, a state when the nonlinear growth of the waves has been fully 
stabilized to give regularly moving striations. The interactions which 
give rise to this form of modulation represent the simplest nonlinear 
effect since theoretically they come from first order nonlinear terms pro­
portional to [n^ ^^ ]^ , where n^ ^^  is the perturbed ion density. The 
extension of the linear theory for ionization waves provided expressions 
to describe the above effects which are intermediate between the linear 
state and the full developed turbulent state.
The physical model used to interpret the results was consistent 
with the modified theory and was supported by the fact that a similar inter­
pretation in terms of 'collisions' has been used to describe ion-acoustic 
solitons. The 'particle-like' structure of the waves which these inter­
pretations suggest, is an interesting feature and one which is being 
currently studied in the general field of nonlinear waves.
Regular velocity modulation is not peculiar to argon discharges; 
the idea that this effect is the initial nonlinear response of the dis­
charge to the growth of the waves was born out by the results from the 
neon discharge which allowed the development of the nonlinear interactions 
to be followed since both space-time and frequency spectrum displays were 
obtained. The effects observed for the neon discharge are common to many 
discharges where the waves grow sufficiently to produce a broad continuous 
frequency spectrum. The results showed that as the amplitude of the waves 
grew, different nonlinear effects became operative. The regular velocity 
modulation and discrete frequency spectra were seen until the waves had 
grown sufficiently for the velocity variation to be significant, resulting 
in an unstable region where mode jumping, and the annihilation and split­
ting of striations occurred. Further growth of the waves gave rise to
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anode directed disturbances, and amplitude and velocity modulation as pre­
dicted by the variational methods of the present work, Chapter IX, and the 
computations of Grabec, see Chapter 11.
The complexity of the experimental observations and the complete 
equations required to describe striations meant that any comparison between 
theory and experiment could only be qualitative. Even so, it has been 
seen that the essential features of the nonlinear evolution of mode-coupling 
between two waves can be predicted theoretically to the extent that the 
many experimental observations of coupling between nonlinear ionization 
waves can now be interpreted in a unified way.
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APPENDIX A.l
SOLUTION OF PARTIATj DIFI’ERENTIAL EQUATIONS
BY THE METHOD OF CHARACTERISTICS
The method of characteristics enables partial differential equations 
to be reduced to ordinary differential equations provided certain condi­
tions are met. A simple example will illustrate the method.
Consider the equation,
•^ + c(y) = 0 ... (Al.l)
where y is a function of x,t. One approach to the solution is to con­
sider the function y(x,t) at each point on the (x,t) plane and to note 
that
^  ■^ = ° = dl > ... (a i.2)
the total derivative, if
c(y) = -^ . ... (A1.3)
Equation (A1.3) defines a family of curves C , the characteristic 
curves, in the x,t plane on which (A1.2) is satisfied. Since y remains 
constant on C , the curves are, in this simple case, straight lines with 
slope c(y). The curves cannot be found explicitly since the unknown 
values of y are involved. Thus the general solution of (Al.l) depends 
on the construction of a family of straight lines in the x,t plane, each 
line with a slope c(y). For the present work the main feature of this
solution is the condition obtained from equation (A1.3).
The above method may be generalised by considering a quasi-linear 
first order system:
'ÔQ. Bu.
"^ ij "ôt~  ^ i^j Bx = (i = l,...,n,) ... (A1.4)
where the matrices A, a and the vector b may be functions of u^ , ...,u^ ,
as well as x and t . In general any one of these equations in (A1.4) has 
different combinations of Bu^/Bt and Bu^/Bx for each u^  . That is, it
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couples information about the rates of change of the different u^  in 
different 'directions'; one cannot deduce information about the incre­
ments of all the Uj for a step in any single 'direction'. This can be 
achieved by manipulating the equations by considering a linear combination .
/ Bu. Bli .,
h  W j  i^j ~^J "^ i^ i  ^^
where the vector L is a function of x, t,u. For a suitable choice of
«h, equation (A1.5) can be transformed to
Bu. Bu
h  + “■‘S ’) + V j " ... (AI.6)
which provides a relation between the derivatives of all the u^  in the 
single 'direction' (a, p). If x = X(r]) , t = T(ri) is the parametric 
representation of a curve in the (x,t) plane defined by the a's and p's, 
then
du . jjip Bu. Bu
dn - dTi St + dTilT •••
dX dTand if a = » P = , equation (Al.G) may te witten as an ordinary
differential equation
provided
where
duz
h  "a? V j  = ° •••
I.A.. = &.T' , I.a.. = l.X' ... (A1.9)
1 ij J 1 ij J ^
which for nontrivial solutions requires
1a . .X' - a. , t ' 1 = 0 . ... (Al.lO)
' ij ij '
Equation (Al.o) is the equivalent of (A1.3) in the simple example and 
is a condition on the curve in the x,t plane on which (A1.8) is satisfied, 
Such a curve is said to be the characteristic and the corresponding equa­
tion (Al.S) is said to be in characteristic form.
— l8 2 —
The equations for solution are
Slv
Bt
Ba^
Bt
Bx = 0
+ U): ( k ) -ê = 0OX
... (Al.ll)
If u^ = k , and u^ = a^ , then the matrices are found from equa­
tion (AI.4) to he
A =
1 0
, a =
u/ (k) Uig/k)
0 1 ii/'(k)a^ u/(k)
... (Al.l2)
If T| = t is taken, then = 1 , •“  = = c , and it follows after
substituting in (AI.9) that the characteristic velocity (c) is given by
... (A1.13)c = o/(k) ± J  uj (k) u/'(k) a .V ^2
From equations (A1.9) and (A1.8) the following relation between the 
charges in a and k are obtained
dk ± 2 da
UUg i^Y
(k)
=  0 ... (AI.I4)
Since for the equations (Al.ll) A. . reduces A.. = Ô.. and T^  = 1,
 ^ ij ij ij
= c , the condition (Al.lO) is equivalent to
= 0 . ... (ai.15)
If in (Al.l3) either ujg(k) or (k) is negative, then the charac-
• I 6. . c - a.. 
' ij ij
teristic velocity c is complex and has no physical meaning. The solu­
tion of .(Al.ll) in this case can be found by considering the equation
Bu, Bu.
Bt  ^ i^j Bx ... (A1.16)
and assuming a solution
0 (1)u. = u. +.u>  ^1 1 1
vhere C'f)
to give
(1) (1)
Bt ^ij Bx ' ij ij ' O'
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and so
-inC' «(1) + a(?) i p n P )  = 0 
1 i j  ' J
and for C^  = C'CUj , a non-trival solution requires
|a(0) _ c'ô. 1 = 0 .  ... (Al.18)
' ij ij ‘
Comparison of (A1.18) with (A1.15), which is the condition for non- 
trival u^^), shows that = c (as given hy (A1.13).
Substitution of C^  in the sinusoidal wave solution for u^^^ shows 
that the wave moves with a velocity u/(k) and has a temporal amplifica 
tion proportional to ± V w^ (k) (k) a which is a complex quantity.
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LIST OF SYMBOLS
Wave amplitude; Constant 
Constant
Wave Amplitude; Backward Wave
Wave Amplitude; Characteristic Velocity; 
Capacitance; Constant
Wave Amplitude
Ambipolar Diffusion Coefficient 
Wave Amplitude; Electric Field 
Electric Field
Wave Amplitude; Phase of Wave; Forward Wave
Ratio of Energy Losses; coefficient in Lagrange 
Function
Light Intensity; Discharge Current; Pupp 
Current Limit
Current Density; Bessel function of the first kind
Complex Wavenumber
Debye Length; Lagrange Function
Light Intensity
Average Lagrangian
Ion Mass
Charged Particle Density
Tube Radius
Ionizing Function
Electron Temperature
Potential of Lowest Excited Level
Ionizing Potential
Flow Velocity
Ionizing Potential
Ionization Frequency; Discharge Impedance;
Wave with zero phase velocity
A
A,
B
C
D
E
E
G
I
J
K
L
L
£
M
N
R
S
T,
w
Ue
Uj
V
Vi
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Reciprocal of Relaxation Length; Tube Radius; a
Amplitude
Rate of Loss of Electrons; Constant b
Ion Mobility • bp
Characteristic Velocity c
Distance between Maxima in the Wave Patterns d
Perturbed Electric Field e
Frequency f
Integer g
Wavenumber k
Spatial Growth Rate k^
Distance between Maxima in the Wave Patterns;
Length of discharge L
Electron Mass; Constant m
Perturbed Charged Particle Density; Integer n
Pressure; angular Frequency; Ratio of Elastic 
to Inelastic Collisions p
Wave Type p'
Absolute Value Electron Charge q
Radial Coordinate r
Wave Type r
Constant s
Wave Type s'
Time t
Relaxation Time of Elastic Collisions t
Velocity of Stratification Wave; Electron Temperature; 
Perturbed Voltage u
Striation Velocity v
Axial Coordinate z
Phase Angles Ct
Wavenumber; Second Nonlinear Saturation Coefficient; 
Constant P
Spatial Amplification Coefficient Y
Phase Angle; Variational Change ô
Constant G
Permittivity of Air Gq
Molecular Weight [i
Ion Mobility M-i
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1,2
Electron Mobility jj.^
Wavelength k
Electron Temperature; Phase Angle 0
Sinusoidal Expression for a Wave l|f
Angular Frequency Uü
Angular Frequency 0
Ion-Neutral Collision Frequency
Electron-Neutral Collision Freqneucy v_
Phase Angle; Temporal Amplification Coefficient cp
Phase Angle ijf
Phase Angle I
Constant A
Boltzmann's Constant; Wavenumber K
Time Period t
Ambipolar Diffusion Life-time
Metastable Life-time Tjjj
Subscripts
i: Ion
e: Electron
S; .Synchronous oscillation
T: Travelling wave
W: Wave
Fî Fundamental
S: Satellite
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GLOSSARY OF TERMS
Ion-Acoustic Wave: Analogous to an acoustic wave in a gas with
a temperature equal to that of the electrons and a mass equal to the 
ion masSo
StriatjonCIonization Wave): A periodic variation of the degree of
ionization in a plasma resulting from changes in the electron temperatureo 
Wave of Stratification: The initial disturbance in the electron
temperature which travels from the cathode towards the anode and produces 
the striationso
SeIf-Excited Wave; A wave which occurs spontaneously in the discharge
without any externally applied pulse.
Backward Wave: A travelling wave which has its group velocity and phase
velocity in opposite directions. Usually the group velocity is in the 
cathode to anode direction and the phase velocity is directed from the 
anode to the cathode©
Synchronous Oscillation: An oscillation which is dependent on time
but not on space and is determined by the A.C© impedance of the positive 
column.
Definition of the nth harmonic as used in this thesis; For a fundamental 
frequency f, the n^^ harmonic is defined in this work as that component 
which has a frequency ( n + 1) f where n is an integer from 1 ... N.
For example the first harmonic ( n = 1) has a frequency 2f. However, 
following the standard convention such a frequency component (2f) should 
be termed the second harmonic.
To convert to the standard notation requires that n^^ harmonic (this work) 
= (n + 1)^^ harmonic standard notation.
INTERFERENCE OF LOW-FREQUENCY 
WAVES IN A POSITIVE COLUMN
I' Indexing terms: Gas-discharge tubes. Interference, Oscillators
Standing waves have been observed in an argon positive 
column. From the wave patterns, it is deduced that these 
waves are striations of the type described by Nedospasov.
Standing waves due to interference between backward waves 
in an argon positive column have recently been observed by 
Stirand.^ A wave pattern is now described which could be 
the result of an amplified wave travelling from anode to 
tathode accompanied by an undamped wave travelling in 
itie reverse direction.
The discharge was produced in technical-quality argon at 
pressures of 0 1 to 2torr in a pyrex tube of 5 cm internal 
diameter and 107 cm in length. A  current of between 60 and 
130 m A  flowed between a hollow steel-wire mesh cathode of 
(mm diameter and an aluminium anode of 4 cm diameter. 
Self-excited oscillations were detected by imaging the dis­
charge on a photomultiplier and by a 5-tum copper coil 
found round the pyrex tube. The signals were displayed on
1 Tektronix ILS spectrum analyser. Reproducibility through­
out the experiment was good.
Oscillations occurred at a fundamental frequency between 
j-5 and 4 kHz with harmonics, up to the seventh order in 
come cases. Each mode formed a standing-wave pattern 
fhich extended the whole length of the positive column. It 
is seen in Figs. \a  and b that the light intensity decreased with 
Étance from the cathode, whereas the signal from the pick-up 
coil increased with distance, a trend which was seen in all 
ihe measurements. The separation of the maxima in the 
ilanding-wave pattern was inversely proportional to the 
frequency. For the fundamental frequency, this distance was 
of the order of 30 cm.
Emeleus* has shown that striations can be reflected at the 
Faraday dark space. If the standing-wave pattern is due to the 
Inflection of a single wave of wavelength X, the maxima are 
leparated by a distance A/2, allowing the phase velocity to be 
[lotted against the pressure (Fig. 2). In the same Figure, a 
curve is drawn of the ion drift velocity x 7/2, the velocity being 
calculated from the average electric field in the plasma. The 
kid was determined from the potentials of two probes 
ieparated by a known distance in the positive column. The 
Kcellent fit of the experimental points to this curve indicates 
liat the oscillations were striations of the type described by 
kdospasov.2
A wave pattern has been computed, assuming sinusoidal 
mations, for the superposition of a wave with an amplifica- 
ion coefficient of 0 01 cm“  ^travelling from anode to cathode, 
ind an undamped wave, with zero amplification coefficient,
'emeleus, k. g.: ‘L o w  fre q u e n c y  w av es’. C u lh a m  L a b o ra to ry  s tu d y  g ro u p  o n  
jlasma w aves, 1964 (u n p u b lish e d )
25
1
5
23
Éc
ravelling from cathode to anode. The close fit of this curve 
B the experimental points in Fig. la supports the authors’ 
'lew that the standing waves are produced by the super- 
losition of an undamped wave on an amplified wave 
ravelling in the opposite direction.
^printed from ELECTRONICS LETTER S Vol. 7 No. 26
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MDDE-COUPLING OP LOW FREQUENCY WAVES
R M Perkin and E R Wooding'
Royal Holloway College, University of London, Englefield Green, Surrey
Introduction
In a recent theory of wave mode-coupling of ionization 
waves /i,2/  it wag pointed out that the resonance con­
dition for mode-coijÇ)ling,
03 =  tüj +0)2, k = kj + k. (1)
is practically impossible to satisfy exactly although 
virtual waves may be easily observed with frequencies 
and wavenumber8,
“2» ky = kj + k. (2)0)y = 0)]^ M
respectively. In e)q3eriments carried out by the same 
.ruthor, harmonic generation and mode—coupling, haye been 
obseiTved for externally excited ionization Waves 
We now report some escperimental observations of mode- 
coigjling between self-excited waves having frequencies 
in the hertz, kilohertz, and tens of kilohertz ranges.
Apparatus
A 5 cm diameter pyrex discharge tube containing 
technical quality argon at pressures of 0.1 to 1 torr 
through which currents of 10 to 200 mA passed was used. 
The oscillations were detected with a plck-tç) coil 
wound round the tube and with a photomultiplier. In 
either case, the signals were displayed on a low 
frequency spectrum analyser,
Obseiwations
Tlie self-excited striations which were obseiwed 
consisted of a fundamental frequency of between 2 and 
5 kHz, with harmonics; each mode forming a standing 
wave pattern. Measurements with the pick-up coil 
showed that the distance between adjacent maxima. Is,' 
in the wave pattern for a particular frequency was 
inversely proportional to the frequency, this distance 
being of the order of 15 cm for the fundamental mode.
When the current was less than about 150 mA, an 
oscillation occurred, with a frequency in the range 
400 to 900 Hz, and at the same time satellite signals 
accompanied the oscillations in the kilohertz range.
Fig, 1 shows the spectrum from the photomultiplier 
signal of the striations (a) in the absence of the lower 
frequency, and (b) when a 630 Hz oscillation was also 
present. In Pig.lb the frequency of the striations is 
a few hundred hertz less than in Fig,la. This is due. 
to the fundamental frequency decreasing with current.
The fundamental frequency, 2,3 kHz, has satellites on 
either side whilst the first and second harmonics,
4,6 kHz and 6.9 kHz, have only the lower satellite. 
Within the accuracy of tlie spectrum analyser, the 
separation of these satellites from the basic frequen­
cies is approximately equal to 630 Hz. In some cases 
it was found that the harmonics had both satellites 
whilst the fundamental had only the lower satellite.
For currents of 130 mA or less, in the absence of the 
400 to 900 Hz oscillation, mode-coupling between the 
striations and waves having frequencies of tens of 
kilohertz was detected. Fig.2a shows this coxç)ling 
between a 32 kHz wave and the striations. The 
satellites are separated by the frequencies of the 
striations. When a 600 Hz wrave was present, coupling 
was obseirved between the 32 kHz wave and the striations 
which were already coupled with the 600 Hz oscillation 
to produce the more complex display, Fig,2b,
Using the pick-up coil standing wave patterns were 
obtained for the 600 Hz oscillation, the striations and
satellites. Wave patterns are shown in Pigs 3 and 4 
for the fundamental and its lower satellite, and the 
first harmonic and its lower satellite when the dis­
tance between consecutive maxima. Ip, for the lower 
frequency, 600 Hz, was between 7 and 8 cm. The wave 
pattern for the second hannonic and both its satellites^ 
shoM-n in Fig.5, was obtained when Ip was between 14 cm 
and 15 cm for a frequency of 900 Hz,
From the wave patterns, the distance between the maxima 
for the satellite frequencies is given, to within 
ejcperimental accuracy, by
1.
Is
1
Id (3)
which is equivalent to condition (2) for virtual waves.
Fig, 6 shows the wave patterns obtained when the 
striations were mode—coupled with a 35 Wlz wave. The 
35 kHz oscillation e)chibits no standing wave pattern 
but reKemhles the noise power diagram obtained in 
for a backward wave in neon. The satellites have 
standing wave patterns in which the distance between 
adjacent ma>dma for a given satellite is approximately 
equal to the distance for the corresponding striation 
in the kilohertz range. In this case, the coupling 
appears to be between the standing—waves of the 
striations and a travelling wave which may be a back­
ward wave.
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Observations on striations contained in a discharge tube of varying diameter are reported. The results support 
Sato's recent work.
This note reports observations on self-excited 
striations in an argon discharge which support the 
conclusions of Sato's recent study on backward 
waves in neon [1].
Whilst some previous workers [2] had shown that 
the wavelength, frequency, and velocity were all 
functions of the discharge tube radius, others [3] 
had found that the frequency was independent of the 
radius and remained constant. Sato resolved this 
contradiction by suggesting that in the latter case the 
striations were synchronised to the frequency of 
natural oscillations occuring at the electrodes or of 
external forces applied to the tube.
The present work was carried out using the dis­
charge tube shown in fig. 1 ; the cathode and anode 
were the same as those used previously [4] and the 
argon was of technical quality. The oscillations were 
detected using a photomultiplier or a pick-up coil [4], 
and a Tektronix X I 000 probe was used to detect 
fluctuations in anode voltage. The oscillations were 
detected in the pressure range 0.2 to 8 torr and cur­
rents between 0.1 and 0.5 A.
Generally, the signals from tube A  were noisy; the 
noise decreased progressively from tube A  to tube D
which was filled mainly by the Faraday dark space. 
Several anode spots were clearly visible. The nature 
of the oscillations is best described by quoting specific 
examples.
At a pressure of 0.22 torr and a current of 0.26 A, 
anode voltage fluctuations with frequencies of 3.5 
and 7 kHz were detected. The photomultiplier 
signal from tube A  consisted of noise with a notice­
able peak around 3.5 kHz. Only the higher frequency 
was detected in the remaining tubes. For a larger 
current, 0.33 A, the anode oscillations occurred at 
frequencies of about 4 and 8 kHz, with the amplitude 
of the 8 kHz oscillation about twice that of the 
4 kHz. In tube A  both frequencies were detectable 
above the noise but the 4 kHz has a slightly larger 
amplitude than the 8 kHz. In tube B both frequencies 
were seen; the 8 kHz signal was m u c h  lager than the 
4 kHz and as the photomultiplier was moved towards 
the cathode end the amplitude of the 8 kHz signal 
increased whilst that of the 4 kHz decreased. Tube C 
supported both frequencies with again the amplitude 
of the 8 kHz oscillation m u c h  larger than that of the 
4 kHz oscillation. In tube D  signals at both frequencies 
were seen and their amplitudes were approximately 
equal.
A n o d e
C a t h o d e
1-4225*0
22-5■HK 22-5■40
Fig. 1. Discharge tube geometry (dimensions in cm).
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At a pressure of 1 torr and current of 0.42 A, the 
anode voltage oscillations consisted of a fundamental 
frequency of about 1.5 k H z  and harmonics. The 
signals detected by the coils on the other tubes showed 
the same frequency spectra although the relative 
amplitude of the harmonics was not the same for 
each tube. In tube B, the fundamental and second 
harmonic were m u c h  smaller relative to the first 
hannonic than in tube C.
Sato found that, whilst the frequency remained 
constant througliout the tube, the amplitude of the 
higher harmonics increased with decreasing tube 
radius. This is related to the fact that the resonance 
frequency also increases with decreasing radius. The 
present results m a y  be understood from these points. 
The tubes act as selective amplifiers. Tube A, with 
the largest radius, synchronises more readily to the 
lower frequencies of the anode oscillations. Tubes B 
and C, on the other hand, with smaller radii, prefer 
the higher frequencies. In some cases the lower 
frequency is da m ped out by tubes B  and C  so that in 
tube D, which has the same radius as tube A, only 
the higlier frequency is detectable.
The mechanism by which the anode voltage fluc­
tuations are linked to the striations could be through
the anode spots [5]. The dependence of the wave­
length on radius was not investigated but for the 
first two cases mentioned it was found that “station­
ary” striations were visible in the narrow tube, 
originating at the cathode end and extending along 
about half to three-quarters the length of the tube. 
These “stationary” striations were, in fact, a standing 
wave with the frequency of the detected oscillation 
and with a separation in max im a of about 3 cm. This 
phenomen on is under further investigation.
The authors are grateful to Mr. R. Mason for 
constructing the discharge tube, and one of us (R.M. 
Perkin) is in receipt of a Science Research Council 
maintenance grant.
R eferences
[1] M. Sato, Beitr. Plasmaphys. 11 (1971)445.
[2] A.W. Cooper, J. Appl. Phys. 35 (1964) 2877.
[3] T. Kenjo and Y. Hatta, J. Phys. Soc. Japan 19 (1964) 
2313.
[4] R.M. Perkin and E.R. Wooding, Electronics Letters 7 
(1971) 781.
[5] J.R.M. Coulter, N.H.K. Armstrong and K.G. Emeleus, 
Physica 24 (1958) 828.
28
Volume 42A, number 5 PHYSICS LETTERS 1 January 1973
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By including non-linear terms in the equation for ionization waves it is shown that waves at harmonic and ‘sum’ 
and ‘difference’ frequencies may be generated.
By  including non-linear terms in the Pekarek—
Krecji equation for ionization waves [1], resonant 
wave coupling and the non-linear response of an un­
stable positive column have recently been examined 
[2,3]. W e  n o w  show that by using these non-linear 
terms and assuming that a sinusoidal oscillation is es­
tablished that harmonics of this fundamental m od e 
m a y  be produced by forced oscillation. The basic 
equation which is used is the Pekarek— Krejci equa­
tion in the high current limit.
dNidt = +AùsdN (I)
where V i s  the particle density, ( Ve=VpV) , is the 
ambipolar diffusion coefficient, D' equals dDjJdÔQ,
6 is tire electron temperature, A0 is the deviation in 
tire electron temperaturei^d equals {dZjdO^frT'^ drldd), 
Z is the ionization rate and t  is the lifetime of the 
charged carriers. By using the derivatives of D(0q), 
Z(0q), t(9^) in findingZ)(0o+A0), Z{9^+A6), t(9^+A9) 
we imply that A9 <C  9^.
It is assumed that N  and 9 m a y  be expanded in a 
perturbation series.
N(x, t) = TV + M ^ \x , t )  +N^^\x,f) .... + M ^ \ x , t )  
9(x,t) = 9^+ 9^^\x,t) + 9 ^ \ x ,0  .... + t)
(2)
where and 9^ are the steady state values and 
V(^)(x, t) and 9^^\x, t) are the V  *  order perturba­
tions.
Now at Czech Technical University, Prague.
Substituting (2) into eq. (1), the first order equa­
tion is
(x, f) - 0  =  (3)
9x
W e  suppose that and are the para­
meters of the fundamental oscillation and that
M ^ \x , t )  = «2 exp(car) sin(cof-^x). (4)
Sinusoidal variations are chosen for simplicity and be­
cause they correspond, in m a n y  cases, to the experi­
mental conditions. Inspection of (3) shows that 
will vary as exp(ax) sin(ojt—kx+(p)
where 
tan0 =
and 6(2) [(oc^ +k^ ŸDl^  + œ(4oikD^ +^o,)]
The second order equation is
bt
(5)
(X. t )  - D ^ o  =
bx
= D'9^'^\x, t ) ^ -^ ^ ( x ,  t)+A9^^\x, t)M ^\x , t). 
bx
The right-hand side of (5) acts as a source term 
which, due to the product /) {x, t) is propor­
tional to exp(2ax) [cos6-cosf2cjf-2fcx+0)]. For 
the equation to be satisfied, 6^^\x, 7) must be pro­
portional to exp(2ax) [cos0— cos(2ojf— 2fcx+0)] 
whilst 0  will be proportional to
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êxp(2crA') üo § ( 2wf = 2 Æ % + ^ + 0 )  where 0 is tiie phase 
dllTerencê between 0 f) and f) as deter» 
mined from (5). Thus the first harmonies in particle 
density and electron temperature are generated. In a 
similar way, higher harmonics wiil be obtained from 
higher order equations. In general the nth harmonic 
in electron density is proportional to
(6)
exp {(fi +1 )q:.x } exp {i [(n +1 ) w /  =  (aj + 1 )/cx+ ) .
Self excited striations consisting of a fundamental 
m od e and harmonics with a frequency and wavenum- 
ber dependence of the form of (6) have been ob­
served [4].
If in the expression for t) a term at another
frequency and wavenurnber is added, then harmonics 
of tins second frequency will be produced together 
with ‘virtual’ waves at the sum and difference fre­
quencies of the two initial waves. The term ‘virtual’ is 
used in the sense that the wavenurnber and frequen­
cies of these s u m  and difference modes are not neces­
sarily related through a dispersion relation.
This simple derivation indicates h o w  harmonics 
and s u m  and difference frequencies might be gener­
ated. A n  exact solution requires the use of a more 
complete set of equations rather than the eq. (1) used 
here.
R.M. Perkin is in receipt of a Science Research 
Council Maintenance grant.
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FORCED MODULATION OF SELF EXCITED STRIATIONS IN A 
DISCHARGE TUBE OF VARYING DIAMETER
R.M. P E R K I N *  and E.R. W O O D I N G
Royal Holloway College (University o f  London), Egham, Surrey, UK
Received 2 July 1973
Observations on striations contained in a discharge tube of varying diameter are reported and explained 
in terms of forced modulation.
Recently some results were presented which were 
concerned with self-excited striations in a discharge 
tube m a d e  from several glass pipes of different dia­
meters [1]. It was observed that the frequency of the 
striations was constant but that in the narrower tubes 
the oscillations at the larger frequencies were more 
prominent. This was explained by the fact that the 
resonant frequency for striations increases with 
decreasing tube radius. Further considerations suggest 
that the higher frequency signal grows in preference 
to the lower frequency not only because of the 
smaller tube radius but also because of forced oscilla­
tion at this higher frequency. This driving of the 
striations is in addition to the forced oscillation by 
which Sato explained the synchronization of frequencies 
in a tapered tube.
The experimental details have been given elsewhere 
[ 1 ] and here the same nomenclature is used to describe 
the discharge tube. The spectra of the oscillations found, 
using an external pick-up coil, in the different tubes 
for a current of 165 m A  and a pressure of 0.3 torr is 
shown in fig. 1. It can be seen that c o m m o n  to the 
tubes are oscillations at about 5 k H z  and 8.5 kHz. In 
the narrowest tube (B), apparently standing striations 
were clearly visible to the naked eye extending from the 
cathode end nearly to the anode end of the tube. The 
time-averaged spectrum analyser signal from the coil 
showed a corresponding “standing” wave pattern at 
a frequency of 8.5 kHz. D u e  to a “ flickering” of the 
discharge it was not possible to obtain a space-time 
display picture of the striations in tube B. However, it 
was found using an argon discharge in a tube of 5 c m  
diameter at a similar pressure, that w h e n  an external
I
t
Fig, 1, Spectra in varW$ parts is® ttaitoa. Amwn® tew;, 
current 165 mA, (a) Tînt® A, TmW ® — amW® gm# mi
(c) Tube B — caAmk ©rad (6# gm) (fdj) TuaSs© C - aaftsnfe ©W 
(62 cm) (e) Tube C - i
* Present address: Institute of Physics, Na Slovance 2, 
Prague 8.
voltage sigtial was spplké ; 
frequency, orhairoonk:,
“ apparently standing* strM&ms w e ®  IHaiK 
was due to : 
can be represented ;
cxpj(iw»/— »(£rf)
and which appealed on
velocity modulation of the sWatiiom. It is
that a similar effect occonus in # e  t m w w  ftwHae tfte
external dove provided fedlbarik to tifee
electrodes.
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Fig. 2. Amplitude of singal from coil in tubes B, C. Pressure 0.3 torr, current 165 mA, frequency 8.5 kHz.
F r o m  fig. 1 it can be seen that in tube A  the 
5 k H z  and 8.5 k H z  signals only just appear above the 
noise. In tube B, the noise and the 5 k H z  signal are 
suppressed progressively towards the cathode end 
whilst the amplitude of the 8 k H z  signal changes as 
in fig. 2. In tube C  the noise level is constant whilst 
the 5 k H z  singal is d am ped  further. The variation 
in amplitude of the 8.5 k H z  signal is sho wn in fig. 2 
but in this case no “ apparently standing” striations 
were visible.
F r o m  the present results at least, the forced driving 
at the higher frequency seems most effective in the 
narrow tube. This is probably due to the selective 
effect of tubes B  and C  [1] resulting in greater feed­
back of the higher frequenct appearing in the anode 
voltage oscillations. Usually the higher frequency 
has the larger amplitude.
Forced modulation has been observed for ion 
sound waves [4] and striations [3]. In the former 
case a non-linear theory showed that the behaviour
of the waves was similar to a V a n  der Pol oscillator. 
The inherent non-linear nature of self-excited striations 
makes a theoretical explanation difficult and it has 
yet to be shown that an equation describing striations 
can be reduced to a V a n  der Pol type of equation.
R.M, Perkin was in receipt of a Science Research 
Council maintenance grant w h e n  this w o r k was 
carried out.
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4.3.3.6
VELOCITY-MODULATED IONIZATION WAVES (STRIATIONS)
E. M. Perkin
Institute of Physics, Czech,Acad.Sci#, Prague, Czechoslovakia |
Under certain discharge conditions self-excited striations may' 
be velocity modulated /I, 2/. In some cases, the velocity changes 
appear to move in the direction of the anode or occur in identical 
places of the tube giving rise to "apparently standing" striations 
which' are visible to the naked-eye /I, 3/. The latter case is shown 
in Fig.l where an external voltage of the same frequency as the 
striations was applied. The explanation for such motion is not clear 
but may be connected with the disturbances carried through the 
stratified column in the direction of the group velocity of the 
(backward) waves /I/. In /4/ the modulation has been described using 
the Van Der Pol oscillator as s model, but for striations it has not 
yet been shown that the equations representing striations can be 
reduced to a Van Der Pol type of equation.
Since the space-time photographs for such velocity variations 
often exhibit a regular pattern it seems of interest to examine the 
motion of striations which have periodic variations in frequency 
and wavenurnber. Such a description cannot account for the hi^ly 
irregular notion including branching effects (seen in some cases 
/I/) which are connected with frequency mismatching and changes in 
the mean velocity.
We suppose that a striation travelling from the anode to the 
cathode can be represented by,
' c<v F(Xj0
where t )  •  c j  c o s ( ^ t )
REFERENCES:
• 3f K*) k - >»«jj l^cas(Kx)
giving * t o t - k x  +  <■) +-W1J, s m  ( K x )  . . . ( i )
In the absence of modulation, ( ) reduces to the normal
cosine expression for a travelling wave. The space-time diagram is 
found from ^  k )  ^  I ^ F  (x, ^  i TTH •
Fig.2 shows the cases (a) OljjaO and (b)TM^* O  . For self- 
—excited striations which are not exactly sinusoidal, the wavenumber 
modulation will give rise to the "apparently standing" striations 
for any value of K  i while for frequency modulation the occurrence 
of "apparent standing" striations will depend on the relative 
values of For example, w h e n t h e y  will be seen.
For simultaneous frequency and wavenurnber modulation for arbi- 
tary values ofJland K  the notion will be more complicated since 
in this case the changes will^appear to propagate in a complex way.
Of interest is the case when Jc® "J^ , since this corresponds to ^  
experimental observations /I/, which is shown in Fig.3 f o r  K  j • 
The simplification was made together with the initial
approximation that which was substituted in the term
Jin(!fcx) . It can be seen that the changes occur witl^a velocity 
directed towards the anode and equal in magnitude to j, . However, 
whilst the picture obtained resembles /I/, it differs in that there 
is a "jumping" of the motion. Thus to some extent the anode directed 
disturbances may be described in terms of frequency and wavenumber 
modulation.
It has been pointed out /5/ that linear ionization waves 
exhibit interesting phenomenological similarities with water waves. 
In trying to understand non-linear striations therefore, it may 
prove useful to draw the analogy with non-linear water waves. For 
example the instability of Stoke’s waves observed in /6/ is similar 
to the experiment /4/ where an externally excited ionization wave 
gave rise to a broad spectrum of waves. The more general expressions, 
from kinematic wave theory /8/, for the relation between wavenumber 
and frequency which take into account spatial end amplitude depen­
dence when applied to ionization waves may provide the explanation 
for the hi^ly irregular behaviour of striations /I/ and other non- 
-linear effects which are hitherto unexplained.
/I/
/2/
/3/
/</
/5/
/6/
/?/
/8/
H.S. STEWART et Al., Int.J.Electr. 18 65 (1965)
O.A. LEE, P. BLETZINGER, A. GARSCADDEN, J.App.Phys. 37 377 
(1966)
M.K. PIGG et Al., 3rd I.C.P.I.O., Venice, 833 (1957)
A. GARSCADDEN, P.B. BLETZINGER, 10th I.C.P.I.G., Oxford (1971) 
L. PEldREK, Invited Paper 9th I.C.P.I.O., Bucharest (1969)
T.B. BENJAMIN, Proc.Roy.Soc. 299 59 (1967)
S. POBSRAJ, I. ORABEC, Summer Sch. Hercegnovi 153 (197O)
M.T. LIGHTILL et Al. in "Hyperbolic Equations and Waves" 
ed.M.Froissart, Springer-Verlag 1970.
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Fig.l. Modulated Argon Discharge, Pressure = O.46 torr 
Current = 92 mA, Wavelength = 16.5 cm. Frequency 
= 2.5 kHz.
T
X
;
Cathode
T-
Fig.2. Frequency (a) and Space (b) Modulation.
X
Cathode
T
Fig.3. Calculated Space-time diagram for simultaneous 
frequency and wavenumber modulation.
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4.3.3.5
THE DEPENDENCE OF THE BOUND&RT FOR SELF-EXCITATION . 
OF IONIZATION WAVES ON THE POWER OP THE AUXILIART 
HIGH FREQUENCY FIELD
J.SafrdnkovA
Faculty of liathematica and Phyaics, Charles University 
Prague, Czechoslovakia
One way to increase the boundary for self-excitation of ioni­
zation waves is based upon the local disturbation of axial electri­
cal field in plasma [l) . In order to accomplish this we can, for 
instance, use the high-frecyiency field or add a grid of special 
shape into the region of the anode column, as was shown in {22. 
However, in none of these works the displacement of the boundary 
for self-excitation is studied in dependence on the magnitude of 
local disturbation.
Thus the object of our work was to measure the dependence of 
the boundary for the self-excitation of ionization waves upon high- 
frequency power absorbed in plasma. Quantitative knowledge of 
this dependence is significant for the operating mode of devices, 
which use the low-pressure plasma discharge (for instance gas 
lasers, discharge noise generators),
To derive the expression for the power absorbed in plasma, we 
start from the telegraph equations describing the propagation of 
electromagnetic waves in a transmission line. If we consider the 
case of a line supplied by high-frequency generator and terminated 
with general impedance:
Z =  ^+ yX-, 
we receive for the power absorbed in plasma '
where Z, is the characteristic impedance of the line used. This 
expression is valid for an arbitrary loss-free line. The real and 
imaginary parts R, X of the loading impedance can be determined in 
classical way from the measurement of standing waves on the linn 
and by the use of the Smith chart of the factor:
(lU^ I
includes the influence of the variable output-voltage of the feed­
ing geherator. U^4„ are respectively the values of voltage
corresponding to ma-rimn and minima of standing waves on the 
measured line. It is, however, necessary to calibrate the line 
in units of voltage. To this aim we have used a hi^-frequency 
voltmeter.
The measurement of the dependence of the boundary for self­
excitation of ionization waves upon the power absorbed in plasma 
has been made in the experimental set-up shown in Fig.l. In order 
to change the resonance frequency of the resonator with plasma we 
changed the poaition of an adjusting impedance. By means of this 
the power absorbed in plasma changed too and we could observe the 
displacements of the boundary for self-excitation of the ioniza­
tion waves. Two of the typical dependences are in Fig.2. They are 
different in the range of medium power. For too small or suffi­
ciently large power the boundary for self-excitation of ionization 
waves is the same in both dependences. For large power certain 
saturation is observed, that is, with increasing value of absorbed 
power the boundary for self-excitation remains constant. In the 
range of medium power the dependence in both graphs is qualitative­
ly the same. On both a rapid increase of the boundary for self- 
excitation of ionization waves occurs, however, on each of them 
for different power absorbed in plasma. This effect can be ex­
plained as a consequence of different values of ignition and ex­
tinguishing voltage of the high-frequency discharge superposed 
upon the D.O, discharge. Suppose the high-frequency discharge ia 
burning, then it extinguishes (which results in decrease of the 
boundary for self-excitation of ionization waves) at considerably 
lower power than in the case when we proceed in the opposite se­
quence, that is, the discharge is not yet burning, but then ignites. 
This explanation is based on the measured behaviour of ligiit in­
tensity of the auxiliary high-frequency discharge.
From Fig.2 it ie ocvious that the value of the boundary for 
self-excitation of ionization waves ie elosely related to the 
eadstence of high-frequency discharge. Therefore the dependence 
of the boundary for self-excitation of ionisation waves upon light
intensity of high-frequency discharge la plotted on graph 3. The 
saturation at high light intensities (that is, at high absorbed 
power) is observed also on this dependence.
One of the possible explanations of this saturation is based 
on wo it [3], rtwre the dependence of the increment of amplification 
of ionization waves on the discharge current is measured. From 
the curve in this work lAich corresponds with our experimental con­
ditions (pressure of neon 1,3 torr, diameter of the tube 2 cm) we 
can deduce that rapid increase of the increment of amplificatiom 
of ionization waves occurs at a current of 7 mA. Our measurement 
indicates that in the range of lower discharge currents, where tin 
dependence of the increment of amplification upon the discharge 
current is approximately linear in semlogsiithmie scale. The de­
pendence of the boundary of self-excitation of ionization waves 
upon l i ^ t  intensity of the auxiliary high-frequency discharge is 
linear. For currents of about 7 mA, where a more pronounced in­
crease of amplification of ionization waves occurs, the bonndaiy 
for self-excitation of ionization wares increases far slower.
The following conclusion results from our measurement:
If we want to use a local high-frequency field for attennatian of 
self-exciting ionization waves, it is not advantageous to use 
hi#» power. If we succeed to ignite the high-frequency discharge 
in plasma, further increase of the power absorbed in pdasma does 
not substantially increase the boundary of self-excitation. In 
our case absorbed power of tens of m* proved to be sufficient for 
the attenuation.
1. Frequence meter; 2. Microwave generator; 3. Coaxial line;
4. Attenuator; 5. Measuring line; 6. Frobe of measuring line;
7, Curcuit of probe of measuring line; 8. Matching iqwdanca;
9 . Toroidal resonator; 10, 16. Milliammater; 11. Discharge tube; 
12. Photomultiplier; 13. Cathode follower; 14. Moiae redactor; 
15. Oscillograph; 17. Current stabilizer.
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Nonlinear interference of ionization waves
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Abstract. The onset of irregular wave motion caused by nonlinear interference of two 
spontaneously existing ionization wave varieties is described and compared with the 
situation when only a single wave becomes irregular due to forced modulation by its 
harmonics. A  similar phenomenological explanation for the loss of periodicity based 
on the influence of combined fiequencies and wavenumbers of the fundamental origin­
ally periodic waves can be given in this case.
1. IntroiactioD
The onset o f irregular wave motion in the case when only one wave variety is observed 
in a  neon discharge has been studied by Krasa et al (1974). In the present paper, the 
irregular wave motion caused by nonlinear interference of two varieties existing spon­
taneously in the discharge is investigated.
Generation of difference and summation frequencies by interaction of two ionization 
waves, one existing spontaneously and the other externally excited, was reported by 
Grabec (1972). Ohe and Takeda (1972) found nonlinear mixing of frequencies between a 
spontaneously existing ionization wave and external periodic modulation of the discharge 
current They explained the mixing by a combined modulation of frequency and ampli­
tude of the wave. N o other experiments on the connection of the nonlinear interference 
of ionization waves with the onset of irregular wave motion have been reported.
2. Apparatus
A  rotating drum camera and a frequency-spectrum analyser already described (Krâsa 
et al 1974) were used to visualize the wave motion and find the frequency spectrum.
The mean phase velocity of the self-excited waves and its current dependence was 
measured using the space-time oscilloscopic method (Stirand et al 1966) to obtain the 
conditional average of the wave pattern (Pekarek et al 1969).
The tube was 80 cm in length with internal diameter of 0 99 cm, and was filled by 
spectroscopically pure neon. The investigated current region was from 6 to 60 mA, the 
gas pressure being 4-9 Torr.
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3. Results
Two wave varieties were observed, existing simultaneously in the current region from 
6 to 20 mA. From the dependence of their velocity on the discharge current, both waves 
were identified as slow (metastable-guided) waves, belonging to the first resonance (the 
long ‘s'* wave) and the second resonance (the short ‘p’ wave) (Rohlena et al 1972). At 
lower current, (6 mA) the short ‘p’ variety was dominant. With increasing current the 
long s' variety prevailed, and above 20 mA only the s' variety was observed (figure 1).
s'and p varieties 
simultaneously 0 s '  variety  only
I"Irregular % Periodic ^  Irregular
....... J
P--
J L
8 10 
/ (mA)
20 40 60 80 100
Figure 1. Current dependence of frequency of p and s' wave varieties at p=4 9 Torr.
The rotating-drum photographs revealed coherent (periodic-in-time) motion of both 
wave varieties in the region of the column which was nearest to the cathode, even if in 
most of the column the wave motion was irregular.
In  the region where the waves are periodic, their nonlinear interference expressed 
itself by combination frequencies appearing in the Fourier spectra (figure 2).
The two fundamental wave-frequencies were / s '=  6-8 kHz, and /p=4-3 kHz. Maxima 
belonging to harmonics 2 / '=  13-6 kHz, 2/p =  8-6kHz of the s' and p waves, and to 
difference and summation frequencies of fundamental frequencies / s '—/ p = 2*5 kHz, 
/ s '+ /p = l l ' l  kHz, were distinctly resolved.
Development of the nonlinear wave interference along the tube axis can be followed 
in figure 3 (plate), which is a rotating drum photograph of the discharge at 18 mA. 
Fourier spectra of the wave pattern taken at different distances from the cathode are 
presented in figure 4.
Near the cathode (figure 3) only the short-wave p variety can be distinctly seen, with 
a strictly periodic motion and simple line spectrum (figure Ad). A t 14 cm from cathode, 
both s' and p waves have approximately equal amplitudes (figure 46), and slightly
Nonlinear interference o f  ionization waves 163
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Figure 2. Frequency spectrum 14 cm from cathode at 7= 14 mA. /p=4-3 kHz and 
/s'=6-8kHz.
pronounced peaks corresponding to summation and difference frequencies appear in 
the spectrum, Still further from the cathode, only the faster irregularly moving s' wave 
with continuous spectrum (figure 4c) centring around 6-8 kHz is observed. Approaching 
the anode, we find a smooth continuous spectrum (figure 4d) with its maximum at 
5-8 kHz lying between the frequencies of the two fundamental waves. The wave motion 
(figure 3) is very irregular, exhibiting quickly following jumps in the phase velocity, and 
creation and disappearance of the wave crests is observed.
4. Discussion
The irregular wave motion above 30 mA (see figure 1) concerns only one (s') wave variety. 
This situation was investigated earlier (Krâsa et al 1974) and explained as a consequence 
of forced modulation of waves by harmonics in frequency and wavelength.
Below 30 mA, the wave becomes strictly periodic, until the regularity of its motion 
is disturbed again at 20 mA and lower. At this current, the other (p) variety appears 
simultaneously in the column, and nonlinear mixing of the two waves results in combina­
tion frequencies and wave numbers lying closer to the maxima of the growth rates of the 
two waves than their ordinary harmonics. This makes the forced modulation easier, 
and it leads again to irregular excitation of waves from different parts of the dispersion 
curve with different phase velocities. The excited modes propagate as wave packets 
with anode-directed group velocity and interfere nonlinearly giving rise to excitation of
164 R M  Perkin, J Krâsa and L Pekârek
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Figure 4. Frequency spectrum at 7=18 mA, at various distances from cathode: (A) 
6 cm; (B) 14 cm; (C) 32 cm; (D) 15 cm.
new wave packets. The irregularity of wave motion grows along the direction of propaga­
tion, the wave packets are still shorter in space and time, and, eventually, the frequency 
spectrum of the whole pattern becomes quite continuous.
5. Conclusions
A nonlinear interference of two wave varieties existing simultaneously in the discharge 
can disturb the originally periodic motion of the waves and lead to irregular wave motion 
even more easily than if only one wave variety were present. In  both cases, the random­
ization of wave motion is connected closely with the strong dispersion o f ionization 
waves (usually causing the waves to  be backward waves).
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The evolution from regular to irregular motion of ionization 
waves in neon
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Abstract. Experimental observations on the motion of s' variety ionization waves in 
neon are reported. The results are explained in terms of mode-jumping and forced 
modulation due to nonlinear effects. .
1. Introduction
Because of their inherent nonlinearity, self-excited ionization waves (striations) occurring 
in the positive column of glow discharges offer a readily available source for the observa­
tion of nonlinear and turbulent effects (Stewart et al 1965, Lee et al 1966, Sato 1970, 
Krâsa and Pekârek 1973). Examples of this are the nonlinear saturation of an initially 
linear wave and the generation of a broad frequency spectrum from a single frequency 
(Poberaj and Grabec 1970). Other effects such as irregular ionization waves or distur­
bances apparently moving towards the anode have been attributed to the nonlinearity of 
the ionization term or the nonlinear interference of two different wave varieties (Grabec 
1973, Perkin et al 1974).
This paper describes the evolution from regular to irregular motion of a single variety 
of a spontaneously existing ionization wave.
2. Apparatus
The discharge tube was 80 cm in length with a diameter of 0 99 cm. A plane anode was 
used together with a hollow cathode. The wave motion was recorded by imaging the 
light from the discharge with an / / I -8 lens on to a rotating drum holding film of 800 a s a . 
In addition, a spectrum analyser and photomultiplier were used to record the frequency 
spectra of the waves.
The dispersion curves for irregular waves were evaluated from the rotating-drum, 
single-sweep photographs.
The results described were taken at a pressure of 4 9 Torr.
3. Results
To avoid interference phenomena between several wave varieties, the discharge pressure 
and current were chosen so that only one wave variety was observed in the column. It
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was identified as the s' variety (see Pekarek 1971, Rohlena et al 1972a, b), ie the long 
wave guided by changes in the metastable atom density.
At a current of 25 mA the self-excited wave was periodic and moving regularly, as 
can be seen from figure 1 (plate). The frequency spectra consisted of a fundamental 
frequency of 5 2 kHz together with harmonics of this frequency. When the current was 
increased to 34 mA the motion remained regular throughout most of the discharge, but 
near the anode the phase velocity fluctuated, giving the appearance of disturbances moving 
in the direction of the anode (figure 2a, plate). The corresponding spectrum in this 
region is shown in figure 2{b, plate). Besides the fundamental and harmonics there were 
‘satellite’ frequencies with a spacing from the other frequencies equal to half the funda­
mental frequency. The amplitudes of the fundamental frequency and its harmonics 
saturated whilst the ‘satellite’ frequencies grew in amplitude towards the anode. A t a 
current of 61 -5 mA, the fluctuations of phase velocity were already apparent at 20 cm from 
the cathode. Moving towards the anode, the disturbances of phase velocity developed 
into abrupt changes, and branching and fusion of striations was observed. The motion 
became quite irregular (figure 3a, plate). The frequency spectrum at various points along 
the tube for this case is shown in figure 3(6, c, plate).
The local frequencies and corresponding wavelengths were found from figure 3(a), 
and it was then possible to plot a dispersion curve for the waves in the region of irregular 
motion (figure 2>d, plate).
The points shown on the dispersion curve were obtained from places at different 
distances from the cathode (eg the point marked by full triangle in figure 2>{d) corre­
sponds to the coherent wave near the cathode; the others were taken from the irregular 
part of wave pattern). Within the error of the evaluation method, all points lie on the 
same approximately hyperbolic curve. The group velocity of a certain wave-mode is 
therefore opposite and close in absolute value to the phase velocity. For the fundamental 
mode, this feature of the wave is distinctly seen on the disturbances propagating towards 
cathode.
4. Discussion
The harmonics nky, nfy which develop in the coherent wave as a result of the nonlinearity 
of the ionization term grow in the direction of the group velocity in which the wave is 
amplified (Perkin and Wooding 1973). For some time, they move with the same phase 
velocity as the fundamental mode (which has frequency / f  and wavenumber ky) so that 
they can be Represented as lying on ‘virtual’ dispersion curves (see figure 4, where the 
point for « = 2  is shown and marked by V).
The subharmonic frequency / f /2  in the spectrum (figure 2b) appearing at a certain dis­
tance from cathode is caused evidently by the second harmonic in wavenumber, which— 
if its amplitude is high enough—begins to move independently on the fundamental wave 
with a phase velocity corresponding to the point k= 2 ky  on the real dispersion curve 
(figure 2>d). As the dispersion curve is hyperbolic in this case, a subharmonic frequency 
/ f /2  is generated by the harmonic wavenurnber 2k-p. Wave packets corresponding to this 
point on the dispersion curve can also be found on the single-sweep photographs (figures 
2a, 3a) in the parts of the column where the wave motion becomes irregular.
The onset of the independent movement of the harmonics depends evidently on the 
degree of the nonlinearity of the fundamental wave and is sensitive to any fluctuation. 
The newly excited waves are therefore not exactly periodic from the very beginning. This
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Figure 4. The suggested scheme for forced generation of harmonic and subharmonic 
waves. A, actual dispersion curve; A  fundamental frequency/F=a)p/27r and wave­
number 1/Af=^p/2w ; V, first virtual dispersion curve; A harmonic frequency 2/p and 
harmonic wavenumber 2/Ap.
makes the corresponding frequency peaks broader (figure 2b). In addition, the hfetimes 
of the excited modes are necessarily rather short as their increments are usually negative 
and, simultaneously, their motion is disturbed by nonlinear interference with the funda­
mental wave and with other excited modes. The synchronization and selection of discrete 
frequencies is thus gradually lost in the anode direction (ie in the direction of the group 
velocities), and the spectrum becomes continuous with a broad maximum around the 
maximum of the wave-increment. Only a slight peak of frequency f y  remains from the 
Coherent wave.
The extension of the region of the irregular motion towards the cathode with increas­
ing current may be explained thus : the growth rate of the fundamental mode increases 
with increasing current with the result that nonlinear effects occur nearer the cathode; 
simultaneously, the increment for the harmonic waves lying on the actual dispersion 
curve is higher, which makes the forced excitation of harmonic wave modes easier.
From the space-time picture figure 3(a), it is observed that when a wavecrest (stria­
tion) changes its velocity during its passage from the anode to the cathode, then the 
adjacent wave crest on the anode side also changes its velocity but at a later time and at 
point nearer to the anode. The velocity of propagation of this disturbance is evidently 
closely related to the group velocity of the wave motion.
5. Conclusions
If  an originally coherent ionization wave becomes strongly nonsinusoidal due to non­
linear amplitude growth and saturation, it changes into an irregular wave motion with 
fluctuating phase velocity. Approaching the anode the wave-trains move still more 
irregularly, giving broad continuous spectra of frequency and wavenumber. As the
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local wavenumber and instantaneous frequency of the individual wave-trains lie on one 
dispersion curve containing the coherent fundamental wave, the decomposition of the 
wave can be explained as a result of forced modulation by the wavenumber and frequency 
harmonics and their nonlinear interference.
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Figure 1. Rotating-drum, single-sweep photograph of the discharge at 1=25 mA.
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Figure 2. (a) Rotating-drum, single-sweep photograph of the discharge at 7=34 mA. 
(The dark horizontal streak is caused by a clamp on the apparatus.) (6) Frequency 
spectrum 48 cm from cathode at 7=34 mA.
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Figure 3. (a) Rotating-drum, single-sweep photograph of the discharge at 7=61 5 mA;
(6) frequency spectrum 11 cm from cathode, 7=61-5 mA; (c) frequency spectrum 55 cm 
from cathode, 7=61-5 mA; id ) dispersion curve of frequency / against wavenumber 
(1/A), 7=61-5 mA. (A point of fundamental self-excited periodic wave of frequency 
/ f  and wavelength A?; I 1 error in wavenumber measurement.)
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